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Partialed Products Are Interactions;
Partialed Powers Are Curve Components
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The fact that simple (zero-order) correlations of products (XZ) and powers
(X2, X*) with other variables (Y) are not invariant over linear transformations
of their constituents (X, Z) has led to confusion and anxiety about their use
as independent variables in the representation of interactions and curve compo-
nents in general multiple regression/correlation analysis. This article demon-
strates that when their constituents are linearly partialed out, products and
powers are invariant with regard to both their correlations and tests of signifi-
cance; further, their raw score regression coefficients are simply rescaled. Par-
tialed products and powers are not subject to constraints of orthogonality, level
of scaling, or whether data arise from experiments or observational studies.

The recent surge of publications on multiple
regression/correlation analysis (MRC) as a
general data-analytic system has for the most
part been met with enthusiastic interest by
behavioral scientists. It has also created some
confusion and nervousness, particularly about
the use of (a) products of variables in the
representation of interactions and/or (b) inte-
gral powers of variables in the representation
of components of curvilinear relationships.
Since these are centrally important devices in
providing MRC with its flexibility and power,
it is desirable that their validity be understood
by data analysts. The purpose of this article is
to dispel the anxiety engendered by multiply-
ing, for example, years of education by Minne-
sota Multiphasic Personality Inventory Schizo-
phrenia scale (MMPI Sc scale) score and using
the result as an independent variable (IV) in
an MRC analysis; or by using as IVs, for
example, the square and cube of IQ scores.

Criticism

The immediate stimulus for this article was
provided by Sockloff (1976a, 1976b), who
worries about such practices, but he is by no
means alone (see, e.g., Althauser, 1971;
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Darlington & Rom, 1972; Kerlinger & Ped-
hazur, 1973, pp. 414-415). Valid criticisms of
the use of products as measures by Glass (1968)
and Schmidt (1973) have also been misapplied
to their use as bearers of interactions in MRC.

Sockloff has been quite comprehensive in his
restrictions on the use of MRC in the study of
nonlinearity and has cautioned against "the
proselytic recommendations of Cohen (1968)
and Walberg (1971)" because he has found
each of the following practices to be "question-
able" or worse:

1. The use of the product variable XZ in
correlation with F and the regression of F on
XZ. when X and Z are nonorthogonal (1976b,
p. 43).

2. The use of product or polynomial (pow-
ered) variables whose constituents are not
rescaled to means of zero (1976a, p. 287). How-
ever, he would not accept such rescaling to
zero of ratio-level measurements, because, he
has argued, the properties of such measure-
ments are not preserved under linear trans-
formation (1976a, p. 287). He has thus banned
ratio-level measures entirely from interactions
and polynomials in MRC. He would, in fact,
ban product and powered variables entirely
from observational (as opposed to experi-
mental) studies (1976a, p. 288).

If we were to take Sockloff's indictment
seriously, the methodological clock would be
turned back at least a decade, and we would
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consign to limbo, inter alia, the Coleman report
(Coleman, Campbell, Hobson, McPartland,
Mood, Weinfeld, & York, 1966) and the
Cronbach (1968) reanalysis of the Wallach-
Kogan data. Fortunately, Sockloff and other
doubters are wrong, root and branch.

Interactions

The data analyst who wishes to study an
interaction of two quantitative variables is all
too likely to subject his data to a Procrustean
reduction to the familiar form of a 2 X 2
factorial design. For example, to study the
effect on length of hospitalization ( Y) of years
of education (X) and MMPI Sc scale score
(Z), he dichotomizes X and Z at their medians
and enters the Y values in the four cells of the
resulting 2 X 2 table. Depending on his
fastidiousness, he may cope with the almost
inevitable lack of orthogonality of the dichot-
omies by dropping cases to make the cell ws
equal, use a method that pretends they are
equal (unweighted means), or even use one
that takes the nonorthogonality into account
(fixed constants). He may be aware of the
deleterious consequences of the dichotomiza-
tion (loss of measurement information, under-
estimation of the strength of relationships, loss
of statistical power), but if so, figures it is a
price that must be paid if he is to study the
X X Z interaction effect. He is wrong, of
course, and the critics are accessories to his
crime (Cohen & Cohen, 1975, pp. 299-301,
310-314; Humphreys & Fleishman, 1974).

Consider the regression on Y of the original
variables X, Z, and their product XZ. The
result is the usual least-squares equation
estimating Y:

+ BzZ + B3XZ + A, (1)

and then let the original variables be re-
expressed as functions of their linear trans-
formations :

Y =

where the 5,s are the (raw-score) regression
coefficients, and A is the F-intercept.

The critics are concerned with the arbitrari-
ness of the scaling of X and Z and/or they
recommend that they be linearly transformed.
To show the consequence of linear transforma-
tion of X and Z, let each be so transformed :

X' = aX + c, (2)

Z' = dZ + f, (3)

(the lowercase letters are arbitrary constants),

z =

(4)

(5)

If these expressions are now substituted in
Equation 1,

and simplified, there results the regression
equation for the transformed variables,

ad

where the terms in parentheses are the con-
stants for the regression equation in the trans-
formed variables, B I , B^', B3', respectively,
and the new F-intercept, A', all expressed as
functions of the constants of the original re-
gression equation (Equation 1) and the con-
stants of the linear transformations (Equations
2 and 3).

Equation 7 makes explicit the consequence
of any arbitrary linear transformation o'f X
and Z on the new equation. In particular, the
following are worth noting :

1. The regression coefficient for the trans-
formed product is simply the original B3
divided by the multiplicative constants of the
linear transformations (i.e., it reflects the
change in variability) and is thus unaffected
by their additive constants. This means, for
example, that subtracting their means from X
and Z, as is occasionally advocated, leaves
£3' = B3, that is, unchanged.

2. If X and Z, and X' and Z' are each sub-
jected to transformation to standard z scores,
since these linear transformations involve both
multiplicative (i/SD) and additive (-M/SD)
constants, the resulting three standardized (ft)
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weights for X, Z, and XZ will all change for
the transformed variables.

3. If the transformations involve only multi-
plication by constants (thus, c = / = 0), B\
and 52' are simply the original values each
divided by its variable's multiplicative con-
stant, that is, they simply reflect the change
in the standard deviations produced by a and d.

Of greater importance than the rescaling of
the regression coefficients are the invariances
that hold with regard to certain proportions of
variance and significance test values in the
analysis.

Consider first the B? for the three IVs. Since
Equations 1 and 7 estimate the same Y values
and since R* equals the squared simple correla-
tion between the estimated and actual Y
values (r^vy), it follows that

R*Y-X',Z',X'Z' = R*Y-X,Z,XZ, (8)

that is, the proportion of Y variance accounted
for by X, Z, and their product is invariant over
arbitrary linear transformations of X and Z.
Further, since the F test of the statistical
significance of R* depends only on #2, the
number of IVs, and sample size, the value of
F will also be invariant over linear transforma-
tions of X and Z,

Consider next the R* for X and Z, omitting
the XZ term. It is a function only of the
simple rs among Y, X, and Z, specifically,

-,.*.- l - r « K ' v /

Now, the linear transformation of a variable
does not change the absolute value of its r with
any other variable U. If the multiplicative
constant (e.g., a of Equation 2) is positive,
then rx'u = rxu', if negative, rx'u = — rxu^
Thus, none of the r2 terms of Equation 9 will
change under linear transformations. The sign
(as well as the value) of the triple product will
also not change, since if a or d of Equations 2
and 3, or both, are negative, the signs of exactly
two of the three rs will change. It follows,
therefore, that

&Y.X',Z> = &Y.X.Z. (10)

Now, the amount of F variance additionally
accounted for when an IV is added to others
(its unique contribution) is its squared semi-
partial (or part) r. It is a semipnrtia.1 r because

the other IVs have been partialed from the IV
in question but not from Y (Cohen & Cohen,
1975, pp. 79-83, 132-133). Focusing on the
product variable, its squared semipartial
correlation with Y,

Y-X,Z,

the increment in Y variance accounted for
when the product variable is added to its two
constituents as a third IV.

Since each of the two .R2s on the right do not
change when one goes from X and Z to X' and
Z' (or, equivalently, subtracting Equation 10
from Equation 8),

, Z ) , (11)r1Y(X'Z'-X',Z') =

that is, the proportion of Y variance accounted
for by XZ-X,Z is invariant over linear trans-
formations of X and Z. It is this term, the XZ
product from which its constituents X and Z
ha.e been linearly partialed that is the X X Z
interaction.

The squared partial correlation of XZ with
Y is also invariant, since

Y xz-x.z
r *Y(xz-x,z)
1 — R*Y-X,Z '

(12)

and both squared correlations on the right
have been shown to be invariant (Equations 10
and 11).

By whatever coefficient we use to express
the relationship of a partialed variable to Y
in MRC, whether by its semipartial correla-
tion, partial correlation, B, or/3, the significance
test must yield the same t or F values, since
their respective null hypotheses are equivalent;
that is, if the population value of any of these
coefficients is zero, all the others are necessarily
zero (Cohen & Cohen, 1975, pp. 107-108). If
we take, for example, the t test for the semi-
partial r of the product,

t =
TY(XZ).X,Z

vl —
df = n - 4, (13)

we see that it, too, is invariant over linear
transformation of X and Z, since all its terms
are so invariant. This therefore also means
that the t value for B3' will be identical with
that of B3, even though B3' itself may be
drastically different from B3, since Ba = B3/ad
(Equation 7).
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This last point serves to underscore the fact
that the change in Ba effected by the linear
transformations is a superficial rescaling of
the product that does not alter its fundamental
character. Indeed, once it is in the regression
equation together with its constituents, it is
no longer the product XZ that is operating,
but XZ-X,Z, the partialed product or X X Z
interaction. The latter, which is literally the
residual or error of estimating the XZ product
from a linear combination of X and Z, will be
perfectly correlated with X'Z'-X',Z', which
in turn will therefore account for exactly the
same proportion of variance in F (or any other
variable) as XZ-X,Z does, that is, the partialed
product or interaction is conelationally invari-
ant over linear transformation of its con-
stituents.

The nervousness of the critics of the use of
product variables, particularly Sockloff (1976a,
1976b) and Althauser (1971), arises primarily
from their recognition of the fact that simple
correlations between products are not invariant
over linear transformation of their constituents.
Thus, of the six intercorrelations among F, X,
Z, and XZ, the three involving XZ all change
for X'Z', possibly drastically so. Also, ob-
viously, the mean and standard deviation of
XZ generally change. We have seen that these
changes produce changes in the values of B3

and jSa. But these changes are of such an artful
nature that they are accompanied by perfectly
proportional changes in their standard errors,
so their t value is left unchanged.

Were it claimed that XZ is the X X Z
interaction, there would indeed be cause for
concern. Given the arbitrariness of scaling of
the typical interval (or even ratio) scale used
in the behavioral sciences, to say nothing of
the artificial coding of nominal scales (Cohen
& Cohen, 1975, chap. 5), one could hardly
vest any confidence in correlations with
products of scores from such scales. This claim
would imply, for example, that the interaction
of height by vital capacity in determining
decathlon performance will change when we
go metric! Instead, what has been correctly
claimed is that the product variable XZ con-
tains the interaction together with variance
that is linearly accounted for by X and Z
(Cohen, 1968, p. 436). When this latter vari-
ance is removed from XZ by partialing, it is

precisely the X X Z interaction that remains,
that is, XZ-X,Z. The latter will, of course,
correlate precisely zero with X and Z (by
construction) and, as has been noted, will be
correlationally invariant over linear trans-
formations of X and Z, and with an invariant
t (or F) value.

What are not invariant under linear trans-
formation when the three IVs are simultane-
ously regressed on F are the semipartial and
partial correlations and regression coefficients
of X and Z, and their / values. As Cohen (1968,
p. 437) warned, the simultaneous analysis of
X, Z, and XZ results in general in the distor-
tion of the partial coefficients for X and Z,
since they are (usually substantially) corre-
lated with XZ, and the partialing process re-
sults in the latter removing some (probably
much) of the X and Z variance. Thus, even
aside from lack of invariance over linear trans-
formation, such a simultaneous analysis is, in
general, inappropriate for analytic purposes
when product variables are involved. The
partialed XZ-X,Z is the interaction, but X or
Z from which XZ is partialed is, in general,
arbitrary nonsense. The problem lies in the
simultaneous model, in which all IVs, whatever
their structure or causal role, are partialed
from all others. The solution here is the use of
a hierarchical model in which IVs are entered
in a predetermined sequence so that earlier
entering variables are partialed from later ones
and not vice versa. Details are beyond the
scope of this article (see Cohen, 1968; Cohen
& Cohen, 1975; Overall & Spiegel, 1969); it is
sufficient here merely to note the sharp
asymmetry between X and F on the one hand
and XY on the other with regard to the effects
of partialing.

When one appreciates that the invariances
shown above are algebraic necessities, the
various constraints that the critics of product
variables wish to impose are seen to be wholly
without validity. We have already noted the
irrelevance of subtracting their respective
means from X and Z. It is true that this will
usually have the effect of reducing the mag-
nitude of correlations of the product with its
constituents, but we have also seen that such
a change leaves the relevant statistics un-
changed. Concerns about the level of measure-
ment, namely, whether the variables are
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interval, ratio, or ordinal scales (or, indeed,
nominal), whether they are normally distrib-
uted, or whether they issue from observa-
tional or experimental studies are also ground-
less, given the algebra—"The numbers do not
know where they come from" (Lord, 1953).

Another unnecessary constraint the critics
wish to impose on the use of XZ in the analysis
of interactions is that X and Z be orthogonal
(Sockloff, 1976b, p. 43; Kerlinger & Pedhazur,
1973, p. 416). It is not clear whether this
demand derives from a failure to appreciate
the effect of the partialing process on XZ or
the distortions of the partial coefficients of X
and Z when the three IVs are regressed simul-
taneously. Sockloff (1976a, p. 285) has en-
dorsed the use of the product variable in a
balanced 2 X 2 factorial design (X and Z both
two-valued), since, using orthogonal contrast
coefficients to "score" X and Z with equal cell
sizes (balanced), the three effects are orthog-
onal. This orthogonality among the IVs in
turn assures that the effects do not require
disentangling by partialing or proceeding
hierarchically, that is, the three IVs' simple
correlation with F (or F's regression on each)
tells the whole story. But there is demonstrably
no reason to constrain an MRC analysis of a
2 X 2 (or any other) factorial design to the
equal-cell-size case; whatever orthogonality is
needed is readily accomplished by statistical
partialing. Nor is it necessary, with either equal
or unequal cell sizes to "score" (code) X and Z
in such a way as to result in zero correlations
among X, Z, and XZ. With 1, — 1 (contrast)
coding of X and Z and unequal cell sizes, or
with some other form of coding, say, dummy
(1,0) coding with either equal or unequal cell
sizes, the rs among X, Z, and XZ will not all
equal zero (Cohen & Cohen, 1975, chap. 5).
But since any two values can be linearly trans-
formed to any other two values, given the
invariances shown above, one can interpret
the partialed product as the interaction,
whether the two values of X and Z are 1, —1
or 1, 0 or, for that matter, 57, —642.8 or any
other two different values. Provided that a
hierarchical model is used, the relevant results
of an MRC analysis will not change.

Nor is there anything in the conception of
an X X Z interaction effect on F that requires
that X and Z be uncorrelated. An interaction

effect is most generally conceived as a condi-
tional relationship, that is, as one in which the
relationship of F to X (specifically, the slope
of F on X) depends on (or differs as a function
of, or is not uniform over values of) Z. (The
interaction is symmetric, so X and Z may be
interchanged in this statement.) For example,
that the relationship between income (F) and
education (X) differs as a function of race (Z)
is a meaningful statement about an income
X race interaction that is in no way dependent
on education and race being uncorrelated. The
interaction depends on the joint relationship
of X and Z to F, not on the relationship
between X and Z.

Seeing how this comes about in the mathe-
matics may be instructive. We can reorganize
the regression equation (Equation 1) in
either of the following ways:

Y = (£x + B3Z)X + (A + £2Z), (14)

Y = (B, + B3X)Z + (A + B,X). (15)

Equation 14 gives the linear regression of Y
on X, with BI + B3Z as the slope and A -\~ BtZ
as the F-intercept. Clearly, different values of
Z produce different straight-line equations—
The relationship of F to X is a function of Z.
More specifically, when £3 ̂  0, the degree of
relationship, as measured by the slope, varies
with Z. But of course B3 ^ 0 means (and is
what is meant by) the presence of interaction.
Equation 15 makes the same statement with
the roles of X and Z interchanged (hence the
symmetry). Note that for either statement,
the issue of interaction hinges solely on the
value of #3. Note particularly that there is no
constraint whatever as to the level of correla-
tion between X and Z, nor for that matter as
to whether these variables are ordinal, interval,
ratio, dichotomous, or any combination
thereof. Finally, the fate of B3 under linear
transformation of X and Z (Equation 7),
cannot effect the status of its null hypothesis—
Division by ad can neither render a zero
population 63 nonzero, nor a nonzero B3 zero.

Generalizations

The principle of partialed products as inter-
actions is widely generalizable (Cohen &
Cohen, 1975, chap. 8). One important general-
ization is to interactions of any order, not only
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two-way. Thus, for example, the three-way
interaction

X X Z X V = XZV-X,Z,V,XZ,XV,ZV (16)

and is correlationally invariant over linear
transformations of X, Z, and V, with invariant
significance test values. Equation 16 looks
monstrous, but the partialed triple product is
automatically produced in a hierarchical
analysis. Moreover, for any given hierarchical
order in which products follow their constit-
uents, the two-way interaction and main effect
variables will also be correlationally invariant
and have invariant t (or F) values.

An even more important generalization is
that this invariance principle holds when
X, Z, and V are sets of variables. The invariant
proportions of F variance accounted for are
now squared multiple semipartial and partial
correlation coefficients, tested for significance
by means of an appropriate F test, and with
invariant results. Since information of virtually
any kind can be expressed as a set of one or
more IVs and the sets can then be used as
units of analysis, the validity of the principle
of partialed products as interactions confers a
high order of generality on the study of
conditional relationships using MRC (Cohen
& Cohen, 1975, chaps. 8 & 9).

In summary, partialed products of variables
are correctly interpreted as interactions what-
ever their level of scaling, whether or not they
are correlated, whether or not their means are
zero, whether they are observational or
experimental in origin, and whether single
variables or sets of variables are at issue.

Polynomials

The critics would place one or more of the
same constraints on the use of polynomials in
MRC as they would on interactions: orthog-
onality, rescaling to zero means (but not for
ratio scales—see above), and restriction to
experimental as opposed to observational data.
Absent such constraints, it is argued, and the
polynomial procedure does not provide the
proper analysis of the F on X regression into
curve components (linear, quadratic, cubic,
etc.) as intended. To these there is sometimes
added concern about the typically very high
level of linear correlation among integral
powers of scorelike (i.e., positive) variables

(X, X*, X3) because of presumed deleterious
effects on sampling stability. We shall see that
these criticisms are as invalid as those leveled
against product variables.

Indeed, how could it be otherwise, given
that a polynomial is, after all, a product? The
former is a special case of the latter and
therefore lacks none of its general properties.
What holds for XZ will hold when we substi-
tute X for Z, and XX is X*. When we linearly
partial from the product its constituents, we
have an interaction, for example, X X Z
= XZ • X,Z. Similarly, when we linearly partial
from an integral power its constituent (s), we
have a curve component, for example, X X X
= XX-X = X2-X. Further, just as XZ-X,Z
is necessarily orthogonal to X and Z, whatever
the correlations among X, Z, and XZ, so, too,
is X2 • X necessarily orthogonal to X, whatever
the correlation between X and X* (usually
close to unity). Partialed variables (residuals)
correlate precisely zero with the variables that
have been partialed from them, by construction
(or definition). The generalization to higher
order interactions specializes to higher order
polynomials, for example, X3-X,X2 is a cubic
curve component that is orthogonal to X1

and X and thus also to X2-X, the quadratic
curve component (Cohen & Cohen, 1975,
chap. 6).

Interpretatively, too, a partialed power of X
can be seen to be a type of interaction. We
interpret an X X Z interaction in relation
to F as meaning that the slope of the F on X
regression line varies as Z varies, that is, it is
conditional on Z. Substituting X for Z, we
can interpret an X X X interaction (X2-X)
as meaning that the slope of the F on X
regression line varies as X varies, that is, it is
a (quadratically) curved line. Similarly,
X3-X2,X is an X X X X X interaction, the
F on X slope varying with X and X2 • X.

Again, it is true that rs among X, X2, X3,
and so on, and between X2, X3, and so on, and
F, are not invariant under linear transforma-
tion of X. Again, however, this is beside the
point—It is the partialed powers that operate
and they are invariant.

Specifically, the &th order polynomial re-
gression equation of F on X is written,

F = BiX + B^X* + BsX3

+ -.-+BkX" + A. (17)
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If one uses the same algebraic maneuver as
above, expressing X in terms of its linear
transformation X' (Equation 4) and gathering
terms, one can produce a polynomial equation
for F as a function of X' and its powers up to
the kfh, whose constants (Bi' and A') are
functions of the constants Bi and A of the
original polynomial (Equation 17) and of the
constants a and c of the linear transformation.
More specifically,

where

where

A' = f(A,Bi,a,c),

B/ = f(Bj,a,c),

(18)

(19)

t = 1,2, . . . , f t - 1;
j = i, i+ \,i+ 2, ...,k;

but notably,

(20)

In words, this means that the F-intercept of
the polynomial in X' depends on all the con-
stants of both the original polynomial and the
linear transformation (Equation 18), and the
new regression coefficients up to and including
J9\_i depend only on the regression coefficients
for the terms at the same and higher powers as
well as on the constants of the linear trans-
formation (Equation 19). Significantly, how-
ever, the regression coefficient for the highest
power in the polynomial, Bt, is simply the
original Bk rescaled by division of the kth power
of the multiplicative constant of the linear
transformation. This latter outcome of the
linear transformation parallels the one that
occurred in the case of the interaction in
Equation 7 and has exactly the same im-
plications :

1. It is frequently recommended that X be
expressed as a deviation from its mean so that
the polynomial be in X' = X — M. The effect
of this will be to reduce the typically high
correlations between odd and even powers of
X. (Indeed, when X is symmetrical, such
correlations are zero.) But for this trans-
formation, a = 1 (and c = — M), so whatever
changes may occur in A' and the Bi' of lower
order, the regression coefficient for the £th
power of X' will remain unchanged, that is,
/V = Bk.

2. However, if we further transform both X
and an arbitrary X' to standard (2) scores,
since the multiplicative constants of the 2
transformations are not equal to one in general
(and the additive constants are, in general,
nonzero), none of the j3 weights, including $*,
will remain invariant over the linear trans-
formation of X to X'.

3. Since only a rescaling of X is involved in
going to X', the shape of the regression curve
of F on the polynomial of X' will be identical
with that for X, that is, graphs depicting the
fitted curve will .be identical—Only the values
along the X-axis will change in spread and
origin as dictated by the linear transformation.

Again, however, of greater importance than
the rescaling of regression constants is the
invariance that holds for certain proportions
of variance and significance test values in the
polynomial regression on X'. Again, these
closely parallel (since they are ultimately
special cases of) what was found for inter-
actions :

1. The J?2 for a polynomial in X of the ktii
order remains invariant over linear trans-
formation of X, since it is always the same
vector of F values that will be produced for
any given k, and .R2 = r2yf.

2. Since the F value for jR2 depends only on
R2, k, and n, it too remains invariant, whatever
the correlations among F and the powers of X'.

3. For analytic purposes, polynomial re-
gression is best used hierarchically: Regress F
on X, then on X and X2, then on X, X*, and
X3, and so on, to Xk (but note that it is rarely
useful for k to exceed three with psychological
data). With the addition of a given X', a
polynomial regression equation of order i is
produced, as well as the proportion of F
variance (.R2) being accounted for at that level.
As shown above, the J?2 at level i for the
polynomial in X' will equal the R* at the same
level for the polynomial in X. This being so,
it follows that the increment in R* as one goes
from i to i -\- 1 will also be invariant over
linear transformation of X. These increments
are, of course, squared semipartials in X', that
is, r^y(xi-x,xi x'-ij. The partialed power of
X is correlationally invariant over linear
transformations of X, that is, it will correlate
perfectly with its counterpart produced from
X' (as with partialed products). Their squared
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correlations with F are additive and in aggre-
gate provide an orthogonal partitioning of F
variance into components that are linear,
quadratic, cubic, and so on :

.x,x*,x3 ..... x*-i>. (21)

That these components are additive is assured
by the hierarchical procedure that auto-
matically produces the partialed power func-
tions of X, which by construction (and there-
fore necessarily) are mutually uncorrelated,
that is, orthogonal.

Since the quantities in Equation 21 are each
invariant over linear transformation of X,
there is no need to transform X. If one uses
X' = X — M in place of X, the correlations
between odd and even powers are successfully
reduced as intended, but the proportions of F
variance due to the different curve components
are no different from those found using X.
One might just as well not bother.

The culmination of efforts to reduce the
correlation among the polynomial terms is
realized in the orthogonal polynomial coeffi-
cients employed in the analysis of variance.
This transformation not only renders the
curve components mutually uncorrelated but
expresses them as integers that sum to zero,
features that result in great simplification of
the computation in the analysis of variance.
However, the use of orthogonal polynomial
coefficients requires both that the values of X
be at equal intervals and that there be equal
numbers of observations for each X value. No
such constraints govern the use of power
polynomials. The results produced by trans-
formation to the orthogonal polynomial coeffi-
cients when they are applicable are exactly the
same as those that result from a hierarchical
power polynomial on the original X. (A
demonstration of this appears in Cohen &
Cohen, 1975, pp. 233-238.) Needless to say,
the generality of this MRC approach com-
mends it.

4. As the reader may have anticipated, the
significance test results (t or F values) for each
of the increments in F variance of Equation 21
are also invariant over linear transformation
of X (again paralleling interactions). This is
because they are functions solely of four

quantities, each of which is invariant over
linear transformation of X: the increment in
R* due to the addition of X\ R? for the first i
powers of X, n, and i.

We noted above that some of the aversion
toward power polynomials in X is occasioned
by the typically very high intercorrelations
(multicollinearity) among powers of X. Now
it is a truism of MRC that highly correlated
IVs give rise to unstable partial (regression
and correlation) coefficients, so it is a reason-
able expectation that transformations that
reduce such correlation would reduce standard
errors and hence increase is and Fs. Reason-
able, but in this circumstance, wrong—It does
not occur. Whether one tests r*Y-(x*-x->, where
X and X2 correlate .99, or the same increment
using x = X — M, where x correlates .10
with x1, or the F variance due to the orthogonal
polynomial quadratic vector, where the corre-
lation with the linear vector is zero, the signifi-
cance test value will be exactly the same.1

5. Finally, since the in variances demon-
strated are algebraic necessities, they are not
limited by the measurement properties of X—
Here, too, "the numbers do not know where
they came from."

Summary and Conclusions

The use in MRC of partialed products as
interactions and partialed powers as regression
curve components has occasioned some con-
fusion and misguided criticism. This article
has shown that the relevant proportions of
variance accounted for by these partialed
independent variables and their significance
test results remain invariant over linear trans-
formation of their constituents, and their
regression coefficients are merely rescaled.

The important operative consideration for
this invariance to hold is that the MRC be

1 A reviewer pointed out that if the ratio of the mean
of X to its standard deviation is very large, the correla-
tion between X and X1 may be very close to unity and
that an inaccurate computer program might then round
this value to unity. Should this occur, an error message
will express the computer's dismay, since the resulting
singularity of the correlation matrix of IVs will render
the solution indeterminate. Such problems are rare in
the author's experience but when encountered are
easily solved by subtracting the mean or some other
large enough arbitrary constant from the X values.
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applied hierarchically, that is, with linear
functions preceding quadratic preceding cubic,
and so on, and with main effects preceding
two-way preceding three-way interactions,
and so forth, so that terms of lower order are
partialed from those of higher order and not
vice versa. Since this invariance is an algebraic
necessity, it follows that whether independent
variables are interval, ratio, ordinal, dichot-
omous, or nominal, whether or not they are
scaled to zero means, standardized, or other-
wise linearly transformed, whether or not
interacting variables are orthogonal, whether
they are from observational or experimental
research, and whether single variables or sets
of variables are at issue, partialed products
are interactions and partialed powers are curve
components.
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