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Abstract

We examine a multidivisional firm with headquarters exposed to moral
hazard by division managers under uncertainty. We show the aggregation
and linearity properties of Holmstrom and Milgrom (1987) hold under
IID ambiguity of Chen and Epstein (2002). Due to uncertainty aversion,
agents’ beliefs depend endogenously on their exposure to uncertainty, ei-
ther for their position in the organization (hierarchical exposure) or con-
tracts (contractual exposure). Incentive contracts, by loading primarily
on division cash-flow, lead division managers to be more conservative than
headquarters, aggravating moral-hazard. By hedging uncertainty, head-
quarters design contracts that reduce disagreement, lower incentive pro-
vision costs, promoting effort. Because hedging uncertainty interacts with
hedging risk, optimal contracts differ from those in standard principal-
agent models. Our model helps explain the prevalence of equity-based
incentive contracts and the rarity of relative-performance compensation.
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The provision of incentives in organizations is essential for economic efficiency.
A key question is to determine appropriate performance measures for incentive pay.
Managerial contracts often are a combination of base-pay, based on narrowly defined
division-specific performance measures (“pay-for-performance”), plus a component
linked to overall firm profitability (i.e. bonuses, equity-based pay, and other “aggre-

gate” performance measures).!

The distinction between equity-based and division-
specific pay is particularly important for lower-level managers. The case for equity-
based incentive contracts for top managers is rather strong as they are responsible
for the performance of the overall firm. Absent inter-dependencies across divisions,
the use of equity-based pay for division managers and rank-and-file employees is more
puzzling. For lower-level employees, equity-based compensation reduces responsive-
ness of pay to actions, weakening incentives at the cost of increasing their overall risk
exposure. In addition, when cash-flows are positively correlated across divisions, to
reduce harmful risk bearing incentive contracts should display a relative-performance
component, a feature more rarely observed in practice.

We study the impact of uncertainty (or “ambiguity”) aversion on the design of
incentive contracts in organizations.? The key feature of our approach is to acknowl-
edge that most corporate decisions are taken without full knowledge of the probability
distributions involved, a situation characterized as uncertainty (Knight, 1921). We
model uncertainty aversion by adopting the Minimum Expected Utility approach of
Gilboa and Schmeidler (1989), within the continuous time framework with stationary
IID uncertainty of Chen and Epstein (2002).

We consider a multi-division firm with headquarters, HQ (the principal), and

(two) division managers (the agents). Division cash-flows depend on unobservable

'The use of aggregate performance measures, such as bonuses, has been docu-
mented in the accounting literature (see e.g., Bushman et al., 1995, and more recently
Bouwens and Van Lent, 2007, and Labro and Omartian, 2021). See Murphy (1999,
2013), Frydman and Jenter (2010), Oyer and Schaefer (2011), and Edmans, Gabaix
and Jenter (2017) for extensive surveys.

2The importance of ambiguity, and the aversion to it, in affecting individual de-
cision making has been shown in both experimental and empirical studies (see, for
example, Bossaerts et al., 2010, Hong et al., 2017, Anderson et al., 2009, Ju and Miao,
2012, Jeong et al, 2015; Epstein and Schneider, 2008, and Machina and Siniscalchi,
2014, offer comprehensive reviews).



effort exerted by division managers, and can be (positively or negatively) correlated.
Building on Holmstrom and Milgrom (1987), division managers exert a continuous
level of effort and consume only at the end of a finite horizon. To isolate the effect of
uncertainty on incentive pay, we rule out synergies or other inter-dependencies across
divisions (as, for example, in Holmstrom, 1982).

Traditional principal-agent theory (Holmstrom, 1979, 1982 ) suggests that, in this
situation, to limit risk exposure, incentive contracts should depend only on perfor-
mance measures that are informative on actions (the “informativeness principle,”
Holmstrém, 2017).> The implication is that contracts should hedge division man-
agers’ risk by giving a negative (positive) exposure to variables that are positively
(negatively) correlated to division cash-flow’s residual risk.

These predictions change substantially in the presence of uncertainty aversion.
We begin by showing that the aggregation and linearity property of Holmstrém and
Milgrom (1987) hold in our environment with stationary uncertainty. Next, we ar-
gue that uncertainty aversion creates the potential for a divergence between division
managers’ and HQ beliefs. Such disagreement is endogenous, and has two adverse
effects. First, traditional incentive contracts, by loading primarily on division cash-
flows, lead division managers to hold more conservative estimates than HQ on the
productivity of their own division, with a negative impact on incentives to exert effort.
More conservative beliefs are due to division managers’ greater exposure to uncer-
tainty on their own division than HQ, who instead have exposure to the overall firm.
The implication is that HQ must increase pay-for-performance sensitivity to elicit
any desired level of effort. Second, disagreement with HQ leads division managers to
value compensation contracts at a discount with respect to the value attributed by
the (more confident) HQ, increasing the cost of incentive provision. We denote this
discount as the (Knightian) “disagreement discount.”

HQ can reduce the negative impact of disagreement by managing individual ex-
posure to uncertainty through contracts, with beneficial effects on incentives. The
role of contracts in managing beliefs is novel in the theory of contract design. It is

a direct consequence of uncertainty aversion and the property that beliefs, and the

3Responsiveness of CEO pay to risk factors not informative on their actions ( “pay-
for-luck”) has beed documented by several studies (see, e.g., Bertrand and Mul-
lainathan, 2001, and, more recently, Choi, Gipper and Shi, 2020).



extent of disagreement, are determined endogenously and depend on the exposure
of agents to the sources of uncertainty. Differential exposure to uncertainty may be
due to their position in the organization (hierarchical exposure) or to the contractual
relationships that bind agents (contractual exposure). Hierarchical and contractual
exposure concur together to determine the prevailing structure of beliefs in an orga-
nization. We show that, by design of incentive contracts, HQ can affect agents beliefs
with a positive impact on incentives. An implication is that equity-based incentive
contracts can be used to realign internal beliefs, generating consensus by promoting
a “shared view” in the organization.* The presence of a shared view can reinforce the
beneficial effect of equity in fostering internal cooperation (Holmstrom, 1982).

The key economic driver in our paper is that uncertainty-averse agents hold
(weakly) more favorable expectations and, thus, are more confident when they are
exposed to multiple sources of uncertainty. This feature is a direct consequence of
the benefits of uncertainty hedging that stem from the “uncertainty aversion” axiom
of Gilboa and Schmeidler (1989). By being exposed to multiple sources of uncer-
tainty, agents can lower their exposure to each source of uncertainty and, thus, hold
more “optimistic” beliefs overall. We interpret “beliefs” broadly, as the probability
measure that agents adopt (the “effective beliefs”) to assess random variables and
consequences of actions.

Optimal contracts depend on the level of uncertainty faced by division managers
and HQ. In the simpler case where HQ are uncertainty neutral, optimal contracts de-
pend on the extent of division managers’ exposure to uncertainty and on the sign of
the correlation between division cash-flows. When division managers face low uncer-
tainty, incentive contracts have the same qualitative features as with no uncertainty:
they have a component that depends on the performance of a manager’s own division,
the pay-for-performance part, plus a second component, the risk-hedging component,

that depends on the cash-flow of the other division. When division cash-flows are

4The role of equity-based compensation to promote consensus in organizations is
examined in Organization Behavior literature, such as Klein (1987), Pearsall, Chris-
tian, and Ellis (2010), and Blasi, Freeman, and Kruse (2016), among others. The
importance of promoting a shared view is discussed in Zohar and Hofmann (2012).
Advantages and disadvantages of disagreement in organizations has been studied in
several papers: Dessein and Santos (2006); Landier, Sraer, and Thesmar (2009);
Bolton, Brunnermeier, and Veldkamp (2013); and Van den Steen (2005) and (2010).



positively correlated, incentive contracts display relative-performance compensation;
when they are negatively correlated, incentive contracts have cross-pay, that is, an
equity component. With respect to the no-uncertainty case, uncertainty increases the
cost of incentive provision, with the effect of decreasing pay-for-performance sensitiv-
ity and cross-division exposure.

When uncertainty faced by division managers is sufficiently large, uncertainty
aversion creates the potential for a significant divergence between beliefs held by di-
vision managers and HQ. In this case, HQ find it desirable to hedge division managers’
uncertainty by offering compensation contracts with greater cross-division exposure,
at the cost of greater risk. By hedging division managers’ exposure to uncertainty, HQ
induce them to hold more favorable expectations on their divisions, with a positive im-
pact on effort. Improvement of division managers beliefs also lowers the disagreement
discount and, thus, the cost of incentive provision. Optimal compensation contracts
will be determined by trading off costs and benefits of risk and uncertainty hedg-
ing. Interestingly, optimal contracts have cross-division exposure (with either equity
or relative performance) even in the case of uncorrelated cash-flows. This property
is in sharp contrast with the informativeness principle in traditional principal-agent
problems with no uncertainty.

When HQ are uncertainty averse as well, their beliefs are also determined endoge-
nously. HQ uncertainty aversion introduces an additional source of disagreement with
division managers making it costlier for HQ to offer incentive contracts with relative
performance. This happens because relative performance essentially involves division
managers holding a “short” position in the other division, while HQ hold a “long”
position in both divisions, exacerbating the disagreement discounts. The overall ef-
fect is to make contracts with equity-based pay more desirable. Interestingly, pure
equity-based contracts are optimal when uncertainty is sufficiently large, irrespective
of the correlation between divisional cash-flows.?

Our paper is linked to several streams of literature. The first one is the traditional
principal-agent theory and the theory of optimal contract design within organizations.
Contract theory builds on the seminal work by Mirrlees (1975), (1999) and (1976),

"DeMarzo and Kaniel (2017) argue that relative-performance compensation is not
desirable when division managers have “keep-up-with-the-Joneses” preferences.



Holmstrom (1979), (1982), Shavell (1979), and Grossman and Hart (1983). One of
the key results of the early stages of this literature is that compensation should be a
function of all and only observable variables that are informative on the action selected
by the agent. Incentive contracts more directly tailored to shareholder value, such as
equity, are shown to be optimal when agents can choose their hidden action from rich
sets of possible action-profiles (see, for example, Diamond, 1998, and Chassang, 2013).
Oyer (2004) suggests that equity-based compensation (for example, through stock-
option plans) have the advantage of directly adjusting employees’ compensation to
their outside options (which may be correlated to firm value), facilitating satisfaction
of the participation constraints.

The second stream is the emerging literature on contract theory under uncer-
tainty. In the spirit of Innes (1990), Lee and Rajan (2020) study the optimal incentive
contract between a principal and a single agent where both parties are risk-neutral
but uncertainty-averse and the source of uncertainty is the exact probability distri-
bution of the random cash-flow. The paper shows that, contrary to basic case of
uncertainty-neutrality of Innes (1990), the optimal contract has equity-like compo-
nents. Szydlowski and Yoon (2021) considers a dynamic contracting model where an
uncertainty-averse principal designs an optimal (dynamic) contract for an uncertainty-
neutral agent, and the source of uncertainty is the agent’s cost of effort. Different from
our paper, uncertainty leads principals to increase pay-for-performance sensitivity (to
preserve incentives under the worst-case scenario). Miao and Rivera (2016) consider
the optimal contract between uncertainty-averse principal and an uncertainty- and
risk-neutral agent, and show that the principal’s preference for robustness can cause

6 The main feature of these papers

the incentive-compatibility constraint to be lax.
is to consider principal-agents problems in isolation. In contrast, in our paper we
consider the problem of incentive contracting within organizations, where the prin-
cipal design contracts with multiple agents who are exposed to distinct sources of
uncertainty. In addition, in our paper agents are both risk- and uncertainty averse,
creating a new tension between hedging risk and hedging uncertainty.

Closer to our paper, Kellner (2015) examines a principal-agent model with mul-

tiple agents and moral hazard, where the principal is risk and uncertainty neutral;

Lee and Rivera (2021) consider optimal liquidity management under ambiguity.



agents can be risk and uncertainty averse and uncertainty is modeled as smooth
ambiguity (Klibanoff et al., 2005). Agents are exposed to the same source of un-
certainty about (mutually independent) probabilities measures over outcomes. The
paper shows that, in this case, for sufficient large uncertainty aversion, optimal con-
tracts have tournament-like features, an extreme form of relative-performance.

In Carroll (2015) a risk-neutral principal, who is uncertain about the set of actions
available to a risk- and uncertainty-neutral agent, optimally grants the agent a lin-
ear contract that aligns their payoffs. Linear (or affine) contracts are optimal robust
contracts under very weak assumptions on the source of uncertainty characterizing
the set of technologies available to the agent.” In the spirit of Holmstrém (1982), Dai
and Toikka (2018) examines a moral hazard in teams problem, where a risk-neutral
principal designs contracts that are robust to uncertainty regarding the underlying
game played by uncertainty-neutral agents. The paper shows that optimal robust
contracts must have the property that agents’ compensation covaries positively, and
provides conditions under which optimal robust contracts are linear (or affine). Fi-
nally, Walton and Carroll (2019) show that, under mild conditions, optimal contracts
are linear within several possible configurations of the organization structure, when
principal are risk neutral and agents are risk and uncertainty neutral.

Our paper differs from these in several important ways. A common theme of
these papers is to show that linear (or affine) contracts emerge as optimal robust
contracts in situations where linearity would not otherwise be obtained in absence of
uncertainty. In our paper we take the opposite tack, and we start from a situation
similar to Holmstrom and Milgrom (1987), where optimal contracts are indeed linear
without uncertainty.® We first show that the linearity property is preserved under

stationary and IID uncertainty. We then characterize optimal linear contracts when

"Carroll and Meng (2016) provides a microfoundation of uncertainty resulting in
linear contracts.

8In an earlier version of this paper, we study a discrete-time version of our model,
and we show that the main results of this paper hold in a discrete-time framework
where contracts are restricted to be linear in division outputs. The connection be-
tween optimal contracts in discrete and continuous time has been investigated by
Hellwig and Schmidt (2002), Biais et al. (2007), and Sadzik and Stacchetti (2015),
among others. By explicitly and directly focusing on continuous-time model, we
ignore this important issue, which we leave for future research.



principals are risk neutral, agents are risk averse, and they can both be uncertainty
averse. This approach allows us to isolate the specific effect of uncertainty aversion on
optimal contract design: when agents are both risk and uncertainty averse, hedging
uncertainty can interact with hedging risk, and the two goals can conflict with each
other. When uncertainty is sufficiently large, the uncertainty-hedging motive can
overcome the risk-hedging motive, reversing important properties of optimal incentive
contracts absent uncertainty concerns.

Finally, our paper is related to recent literature on disagreement and heterogenous
priors.” We argue that the presence of uncertainty, and the aversion to it, can generate
differences of beliefs among agents, even in cases where agents are ex-ante identical
and share the same set of “core beliefs.” Disagreement in our economy emerges en-
dogenously as the consequence of agents’ differential exposure to uncertainty:.

The paper is organized as follows. We describe the general contracting problem in
Section 1. We show that, similar to Holmstréom and Milgrom (1987), the aggregation
and linearity properties of optimal compensation contracts hold under stationary and
IID ambiguity in Section 2. Section 3 examines the impact of incentive contracts
on beliefs and effort under uncertainty. We study optimal incentive contracts offered
by uncertainty-neutral HQ in Section 4, and by uncertainty-averse HQ in Section
5. Finally, we discuss the impact of uncertainty aversion on organizational beliefs
in Section 6. Section 7 concludes with the model’s implications and directions for
further research. With the exception of the proof of Theorem 1, which is included in

the body of the paper, all remaining proofs are the Technical Appendix.

1 Uncertainty and Contracting
1.1 The Basic Model

We consider a firm composed by two divisions (or business units): d € {A, B}. Each
division is run by a division manager supervised by HQ. At each instant ¢ € [0, 1]
each division manager continually chooses a level of effort, a;; € R, , affecting the
probability distribution of divisional cash-flows. We assume that cash-flows of both

divisions, Y; = (Ya, Yp.:), follow the (joint) process

dY; = p,dt + TdW,, (1)

9Boot et al. (2006) and (2008), and Bayar, Chemmanur, and Liu (2011).



where Wy = (Way, Wg4) € R? is a standard bivariate Brownian motion defined on the
filtered probability space (Q, F o (Ft)iso P“), with Y40 = Ypo = 0. Note (Y, W, P?)
is a weak solution to the stochastic differential equations in (1); all processes are
progressively measurable with respect to the filtration (). Following Chen and
Epstein (2002), P represents the “reference probability,” assumed to be common for
both division managers and HQ.!°

Following Holmstrom and Milgrom (1987), we assume that division manager ef-
forts affect only the drift of its own division with no externalities (or synergies) across
divisions, and we set p; = (pa4, fip ) With p1y, = aq.qa, where g4 represents the pro-
ductivity of division d under the reference probability, P*. We will refer to division
managers’ action profile as a; = (aay, aB,t)'. Division cash-flows are homoskedastic,
with constant variance o2, and division cash-flows may be (positively or negatively)
correlated, with correlation coefficient p. Further, we assume effort does not affect
the variance-covariance matrix, 3.!! Thus, I is assumed to be the symmetric square

root of the variance-covariance matrix, ¥ = ['"T', giving

22[02 p(,z] PE[%(\/1+p+V1—p) §(VI+p—vI=0)
2 ] S(WVI+p—vI=p) $(VI+p+vI—p)

Exerting effort is costly: each division manager suffers an instantaneous monetary cost

(2)

po? o

ca (aqy) dt, where ¢; : Ry — Ry is a continuously differentiable, increasing and convex
function. For analytical tractability, we set cq (aq:) = i@fw where Z; characterizes
effort efficiency of division managers. Following Holmstrom and Milgrom (1987),
division managers and HQ exhibit preferences with constant absolute risk aversion
(CARA), and are paid and consume only at the end of the period, t = 1.12

Effort exerted by each division manager is not observable by either HQ or the
other division manager, creating moral hazard. HQ promote effort by offering division
managers incentive contracts, {wq}acia,n}, as follows. We assume that output from

each division, Yy, is publicly observable, and we let h; = {Y;|s <t} represent the

1Hansen et al. (2006) refer to the measure P* as the “approximating model.”

"Hemmer (2017) and Ball et al. (2020) study contracts when effort affects 3.

2By restricting pay and consumption to occur only at the end, we avoid two com-
plications: intertemporal consumption smoothing and private savings. These issues
are examined, for example, in He et al. (2017) who study a dynamic agency problem
in a setting without Knightian uncertainty.



entire history of cash-flows from both divisions at each point in time ¢. HQ can
condition compensation to each division manager on the entire history, that is wgy (hy).
We impose the usual square-integrable condition that E¥* [wg (h1)]* < co.

Given an incentive contract wq(hy) and effort level process ag = {aq.}, .1 divi-

sion manager d € {A, B} earns an end-of-period payoff

Ug(hy) = (wd (h1) — /01 ca (aay) dt) : (3)

where u (w) = —e™"™, and r represents the coefficient of absolute risk aversion for

both divisional managers. Similarly, HQ earn end-of-period payoff equal to

H(hl) E?T(YA,l—f-YBJ — WA (h1> — Wpg (hl)), (4)

where 7 (X) = —e % and R represents the coefficient of absolute risk aversion for

company HQ. Because processes are in L?, they both have finite expectation.

The differential game unfolds as follows. At the beginning of the period, ¢ = 0,
HQ choose incentive contracts wy (hy) for each division manager d € {A, B}. We
assume that HQ can commit to contracts {wg (h1)}ac{a,y, Which are observable to
both managers. After incentive contracts are offered and accepted, division managers
continuously and simultaneously choose their level of effort, aq;, after observing his-
tory h;. At the end of the period, t = 1, division managers are compensated according

to the realized history, h;, and consumption takes place.

1.2 Uncertainty aversion

We model uncertainty aversion by adopting the minimum expected utility (MEU)
approach of Chen and Epstein (2002), a dynamic extension of Gilboa and Schmeidler
(1989). We assume that both HQ and division managers are not sure about (i.e., they
are ambiguous on) the probability measure P?. Following Chen and Epstein (2002),
we consider beliefs distortions that are mutually absolutely continuous measures with

13

respect to P?, allowing us to use Girsanov’s Theorem."” Define a density gener-

ator to be a R2?-valued F;-predictable process 0, satisfying the Novikov condition,

13Miao and Rivera (2016) and Szydlowski and Yoon (2021) use a similar approach.



EP* [exp <% fol 0, - Hsds)] < 00, so that the process

1 t t
2) = exp {—5/ 0, - 0sds — / HSdWS} (5)
0 0

is a (P*, F;) martingale. By Girsanov’s Theorem, 6, generates an equivalent proba-
bility measure P*? on (Q, F) such that

dpo
W\ﬂ =z, (6)

where z¢ is the Radon-Nikodym derivative of P with respect to P* when restricted

to F;. Note that, from Girsanov’s Theorem, the process
t
Wl =w, + / 0.ds, (7)
0

is a standard Brownian motion under the new measure P®?.

Under the measure P*?, divisional cash-flows Y? follow the process

aY! = Qa,dt + T (dW}) — 0,dt) = p’(as)dt + TdWy, (8)
where
_ | 44 0 0 _
Q = and o (CLt) = Q(lt — FQt (9)
0 g8

Thus, the density generator process ; describes decision makers’ (“distorted”) beliefs
on the instantaneous productivity of both divisions.

Following Chen and Epstein (2002), we assume that uncertainty is IID. We allow
for the possibility that HQ and division managers may be exposed to different degrees
of uncertainty, as follows. For division managers and HQ, we let 65, € Kjs(ar),
§ € {HQ, A, B}, for all t € [0,1], where K5 € R? is set-continuous (both upper- and

lower-hemicontinous) with Kj(a;) a convex set for all a,. Let
PO (a;) = {Paﬂwt e K5 (ap) ,w} (10)

be the set of admissible priors for division managers and HQ. Note that P € P® (a;)
if and only if there is a s, such that P = P+ and 05+ € Ks(a;) for all t. At times,

we will assume that divisions are symmetric, that is, we set

(S): Ia=Zp=27Z, qa=qs=q, and Ku(a;) = Kp(a;) = K (a;). (11)

10



IID uncertainty can be interpreted as nature drawing independent increments tha’G
of the process Wt“’e from different urns at each point in time. These assumptions
imply that a division’s past cash-flow realizations are not informative on future cash-
flows, thus excluding learning (similar to Chen and Epstein, 2002). Importantly, they
ensure that divisional managers and HQ face stationary uncertainty. Note that the
core of beliefs is rectangular over time, as required for time consistency by Chen and
Epstein (2002). This is because the set of priors does not vary over time. However,
the set K may not be a rectangle. Indeed, similar to Equation (3.12) of Chen and
Epstein (2002), we will consider strictly convex (“round”) sets K. This approach

implies time-invariant uncertainty hedging.

2 Aggregation and Linearity under Uncertainty

At the beginning of the game, ¢ = 0, HQ offer division managers a pair of con-
tracts, w (k1) = {wa (71)} 44,5y, and a set of (history-dependent) instructions a =
{aa} e (a5} to maximize expected payoff, that is to solve

max _ min Efr (Ya1+Yg1 —wa(h) —wp (h)) (12)
{w,a} PEPSQ({ad,CLd/})

subject to the constraints that (i) each division managers choose an effort process,
agq, given the other division manager’s action profile, to solve

i 1
max min Elu <wd (hy) — / ca (Gay) dt) ; (13)
0

aq ﬁepde({&dvad’})

and (ii) the pairs {aq, wq (h1)}aeqa,py satisfy their participation constraints

i 1
min EéDu <wd (h1) — / ca(aay) dt) >uy =0 (14)
0

Pepde ({ad,ad/ })

for d,d € {A, B}, and d # d’, where ug is a division manager’s reservation utility,
which is normalized to zero (without loss of generality). Note that in problem (12)
- (14) a division manager’s uncertainty exposure is endogenous and is determined
by the incentive contract, wy (h;), offered by HQ. Contractual exposure concurs to
determine a division manager’s effective beliefs, P;. Given their higher-level position
in the firm hierarchy, HQ exposure to uncertainty is determined by their residual

claim in firm cash-flow, given incentive contracts offered to both division managers in

11



the firm.'* HQ hierarchical exposure concurs to determine HQ effective beliefs, PHQ.

The triplet {pHQ, IBA, IBB} determines the belief structure prevalent in the firm.

Definition 1 An equilibrium is a set of contracts , w(hi) = {wa (h1)}yea py, and

action processes {aa,ap}, such that:

(i) Given incentive contracts w(hy), for every history h; each division manager
selects effort, aq, optimally, solving (13), given the other division manager’s

action process, ag for d #+ d;
(ii) HQ offer contracts w(hy) that mazimizes (12) subject to (13) - (14).

The following theorem establishes that the aggregation and linearity property of
Holmstrém and Milgrom (1987) holds in the case of stationary (IID) uncertainty

with two division managers.

Theorem 1 The optimal contract between HQ) and division managers is linear in
cash-flows, wq (h1) = Sa+ BqYa1+vqYa 1, with constant sq, By, 74, ford,d € {A, B},
and d # d'. The optimal contract induces constant effort, aqs; = aq, and constant

beliefs, ]5“’9, with constant distortions, 04, = 0q and Opgs = Oug, for all t.

Proof of Theorem 1. Each division manager selects a; to maximize

- 1
Ud,t = min EtPU (wd (h1> — / Cd (&d,t) dt) .
b 0

]5673((;) ({&d,ad/

Given worst-case scenario process, 7, by the Law of Iterated Expectations, Uy, is a
martingale adapted to Y. By the martingale representation theorem, Uy, is an Ito
Process adapted to Y with zero drift (Theorem 4.33 of Jacod and Shiryaev, 1987).
Define w4, as the certainty equivalent pay, given history: u <”J}d,t — fol Cq (a(’;,t) dt) =
Uy As a twice-continuously differentiable function of an Ité Process, g is an Ito

Process: dig; = Ag.dt + BéudYe for predictable processes A;; € R, By, € R2.

Because u = —e™"™, u; = 0, Uy, = 7e"Y, and Uy, = —7r2e7"Y, so by Itd’s Lemma,

AUy = re” "™t | Aq, + By, (Qa, — T0;) — gB(’“EBM] dt + re” " B} LAWY}

“Note that, for simplicity, we assume that HQ are full residual claimants in firm
cash-flow. More generally, HQ themselves act in the context of incentive contracts
set-up by a compensation committee, exposing them to contractual exposure as well.

12



This is the evolution of expected utility along the equilibrium path, with optimal
effort process aj;,, and worst-case scenario process ¢;,. Because Uy is a martingale,
the drift is zero: Ag; = 5By, Y Bay — By, (Qa; — T'0;).

Off-equilibrium, the agent could deviate from optimal effort aj, to Gq, from time
t tot+ A. This would give them utility U, = Fs,, [u (wd (hy) — fol ca (Qayz) dt)]
Because u is CARA, we can express this as Uy = U,Cy, where Uy is the equilibrium
utility and C; = exp [r ftHA ca (Aar) — cq (azyt) dt]. By the product rule, dU, =
dUy - Cq+ Uy - dC,. Note dc—cj =r (cd (Ggt) — Cd (a§7t)). Substituting in,

_ 5 .~ r 5 *
dUg = re "0y [Ad,t + By, (Qay — T0" (ar)) — §B£l,tEBd,t — ca (@) + cq (ad,t)] dt
+re "t CyBl LAWY

Note minimizing (maximizing) expected utility is equivalent to minimizing (max-
imizing) the drift of the process expected utility. Because effort and beliefs do not

affect Ay, or gB&JEBd,t, effort and beliefs solve max, ming Y, where
T =B, (Qa—T0) — cqy (ay).
Define the monetary payoff to the principal as X =Y, + Y — w4 — wp, so
dX = [(1— Bas— Bps) (Qa —T0) — Ay, — Ap,| dt + (1 — Bay — Bp,) TdW,.

Note II(t) = 1(ni1r1159€7;,gQ EJI(1), so IT1(t) is an Itd Process. Because HQ utility is
CARA, 7 = —e % som, =0, 7, = R e ¥, and 7,, = —R% %X, Applying Ito’s

Lemma and substituting in for Ay,

dll = R e ™ Pdt + R e " (1 — By, — Bp,)' TdW/!

P = (1—Bay— Bpy) (Qa* —T0"%*) + B, , (Qu* — T0**) + B, (Qa* — I'¢"”*)
r r R
—§Bf47tEBA7t — §B§37tZBB,t -3 (1—Ba:— BB,T)'E (1—Ba:— Bgpr)
HQ solve maxp mingeg,, P and division managers solve max, mingeg, T. Neither of
these depend on t, w, or X. Therefore, the optimal B;; = By, a4 = aq, 0a: = 04,

Ono+ = Ong for all t € [0,1]: linear contracts are optimal. m

13



The process w (h;) is progressively measurable with respect to the filtration (.7-})720
generated by the bivariate Brownian motion W;. Thus, similar to Holmstrom and
Milgrom (1987), the martingale representation theorem ensures that it can be repre-
sented as an Itd process, which guarantees instantaneous linearity of incentive con-
tracts. Translation invariance of CARA utility (precluding wealth effects) and IID
uncertainty ensure that HQ and division managers face the same instantaneous opti-
mization problem at every point in the tree, ensuring overall linearity. In the optimal
contract, HQ grant division managers a constant share 3, of their own division,
a constant exposure 7y, to the other division, inducing constant effort, a; = aq,,
and constant belief distortions, (64,0m¢), for all ¢, for all t € [0,1]. The coefficient
B, determines the pay-for-performance sensitivity of compensation, while the coeffi-
cient |y,| determines its cross-division exposure. Equity-based compensation can be
achieved by setting v, > 0, and relative-performance compensation by setting v, < 0.

Theorem 1 implies that the solution to the dynamic model is equivalent to the
solution of a corresponding static problem where HQ offer only affine contracts that
depend on division cash-flows. The static problem that corresponds to the dynamic
model can be written in certainty equivalent form, as follows. Letting by = (8.4,7v4),
b = (v, 88), ¢ = (d4,65) = (1 —by —bp)’, where 1 = (1,1), HQ choose a
pair of incentive contracts and action profiles, {wyg, ad}de{ 4,B}, that maximize their
(instantaneous) certainty equivalent objective function, solving

R
: (7 — / 0HQ o _ - 15
max min T = a S SB,
)l  070CKpo(a) ¢ 12 (a) 2¢Z¢ A B (15)

subject to the constraint that division managers maximize the certainty equivalent of

their objective function

max min uf = s+ b’ (ag, ag) — Cb;lzbd —cq(aq), (16)
dq 0€Kq(a) 2

and to the participation constraints

. T
o i 5a + bl (a) — édebd —cq(aq) >0 (17)

for d € {A, B}. Note that, absent uncertainty, Ky (a) = K4 (a) = {0} and problem
(15) - (17) collapses to the corresponding static problem of Holmstrom and Milgrom

(1987). Further, Theorem 1 shows that the optimal contract implements constant
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effort, a;, and constant distortions 6, so is sufficient to consider 6 € K, (a).

The main trade-offs faced by HQ in problem (15) - (17) can be decomposed as
follows. Because of translation invariance of CARA, the fixed component of incen-
tive contracts, s4, is set to make the participation constraint (17) bind in optimal
contracts. After substitution into the objective function, we obtain

W = V() = S0~ 3 {DHTha+ calag) + Bl @) - (@]}, (18)

de{A,B}

where 6 o and 0, are, respectively, the beliefs held by HQ and division manager d,
for d € {A, B}. HQ payoff consists of four components. The first one is the expected
value of the two divisions, 1’ ,uéHQ(a), which depends on effort exerted by division
managers; the second one is given by the required risk-premia for HQ and division
managers, §q§'2¢ and gb;Ebd; the third one is the cost of providing effort by division
managers, ¢, (aq). These components are common to the traditional problem without
uncertainty aversion.

The last component is due to uncertainty aversion, which affects HQ in three
separate ways. First, HQ valuation of both divisions, /ﬁH @(a), is based on beliefs held
by HQ, 0 HQ, which are endogenous. Second, from the incentive constraint (16), effort
exerted by division managers depends on their worst-case scenario, 9d, depressing
incentives. This implies that HQ must increase the pay-for-performance sensitivity,
B4, to elicit any desired level of effort, increasing the cost of incentive provision. The
worst-case scenario, 9d, however, is itself endogenous, and is determined by a division
manager’s overall exposure to uncertainty through incentive contracts. By hedging
uncertainty through contracts, HQ can improve a division manager’s assessment of
her division productivity, uéd(a), promoting effort.

The third effect of uncertainty aversion, given by the last term in (18), is to create
a divergence between HQ and division managers on the valuation of compensation
contracts, b, [,uéH ?(a)— uéd(a)]. This terms acts through division managers’ participa-
tion constraints (17), and reflects the fact that HQ value compensation contracts at
their own worst-case scenario, 0 HQ, while division managers value contracts at theirs,
04, creating a disagreement on the assessment of incentive contracts valuations. If HQ
are more confident than division managers on division productivity, ,uéH Q(a) > ,uéd (a),

division managers discount the value of their compensation contracts, relative to the
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HQ valuation, making it more costly (from HQ point of view) to satisfy their incentive
and participation constraint, (16) - (17), increasing the cost of incentive provision.
We denote this additional cost of incentive-based pay as a “disagreement discount,”
which represents the “Knightian” cost of disagreement.

In its generality, Theorem 1 precludes derivation of closed-form expressions for
optimal contracts. To derive explicit solutions of optimal contracts, we will introduce
parametric specifications of the core-beliefs sets K (a), for 6 € {HQ, A, B}, and will
assume that HQ are risk neutral, R = 0. We will consider two possible configurations

of HQ beliefs: uncertainty neutrality first, and then uncertainty aversion.®

3 Uncertainty and Incentive Contracts

As a benchmark, we start by characterizing the solution to the optimal contracting
problem for our two-division firm without uncertainty, a setting similar to Holmstrom

and Milgrom (1987).
3.1 The No-Uncertainty Benchmark

Absent uncertainty concerns, with Kpq (a;) = K4 (a:) = {0}, HQ and division man-

agers share the same beliefs and agree on the reference probability measure P¢.

Theorem 2 (Holmstrom and Milgrom) Let HQ be risk neutral: optimal contracts
are linear functions of the end-of-period cash-flows of both divisions: wq (hy) = sq +
BaYar +vgYaa, for allt and d € {A, B}, with

1
T Lot (1= %)/ (Zagd)

and induce optimal effort

Ba Ya = —PBa; (19)

Zqqq

102 (1— %) ] (Zadd) (20)

aqg = ByZaqd =

Optimal contract w(hy) is linear in the end-of-period cash-flow of both divisions,

and depends on the correlation between divisional cash-flows. When cash-flows are

5Because uncertainty-neutral HQ hold firm beliefs on division productivity, we
can denote this case as one of a “visionary leadership.” In contrast, uncertainty-
averse HQ pragmatically adapt (in equilibrium) their beliefs to firm characteristics,
we can denote this case as one of “pragmatic leadership.” The impact of leadership
styles is examined in Rotemberg and Saloner (1993) and (2000).
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uncorrelated, optimal contracts have no exposure to the other division performance,
v4 = 0. If cash-flows are correlated, it is optimal for HQ to hedge division manager
risk exposure by making compensation contingent on performance from both divisions
|v4] > 0. With positive correlation, HQ set v, < 0 and contracts display “relative-
performance” compensation; with negative correlation, HQ set v; > 0 and incentive
contracts display an equity component through cross-pay. The benefit is that hedging
a division manager risk exposure reduces the cost of incentive provision and allows
HQ to increase pay-for-performance sensitivity, improving incentives. Finally, when
division managers are risk-neutral, » = 0, HQ set 5, = 1, making them full residual
claimant; in this case, cross-pay 7, is indeterminate because side bets are irrelevant

for risk-neutral agents.

3.2 Incentive contracts and beliefs

Under MEU preferences of Gilboa and Schmeidler (1989) division managers’ beliefs
are endogenous and solve the inner problem of (16). The key property that we exploit
is that division managers may become relatively more confident about the prospects
of their own division if they have exposure also to the other division’s source of
uncertainty, a feature that is the direct of consequence of uncertainty hedging. This
means that, by proper design of incentive contracts, HQ can affect the probability
measure used by division managers to assess the productivity of their division, and
thus mitigate the adverse effect of uncertainty on effort.

Our results hold when the sets K (a), 6 € {HQ, A, B}, are strictly convex with
smooth boundaries, allowing uncertainty hedging to affect beliefs. For tractability,
and to generate closed-form solutions, we assume that both HQ and division managers
consider deviations, PY, that are in a neighborhood of the reference probability, P,
as follows. We assume that

Ky (a) = {e| [—m <1 _ |DBat Nbg| +NGB|) —ln (1 _ INOa+ Dbs| +D93|>} < m} (21)

aAga aBqB

for 6 € {HQ, A, B}, where, from (2),

E%<\/1+p+\/1—p>, E%<\/1+p—\/1—p>. (22)

Note that x4 reflects the degree of confidence in the reference probability P held by

agent ¢, for § € {HQ, A, B}, where s = 0 indicates full confidence, and increasing
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uncertainty is characterized by greater ks. In the special case of uncorrelated cash-

flows, (21) simplifies to

K; (a) = {9| {— In (1 - ZL‘Z') —In (1 - ‘;JLZ')} < m} . (23)

Note these expressions are not history dependent and provide a special case of 1ID

uncertainty, as in Chen and Epstein (2002).

An important implication of the specification of the core beliefs set based on
(21) and (22) is that decision makers behave as if divisional productivity itself, g4,
is uncertain, as follows. From (16), division managers beliefs are determined by
minimizing their objective function % where, from (9), the cash-flow process Y has
drift ;1% (a) = Qa — T'd. Consider the alternative representation of division managers’

and HQ objective functions

Ug = Sq+ bijda — gb'dFde — Cq (ad) , (24)
o= (1—bA—bB)/QHQa—sA—sB, (25)
. NS df{ 0 ) .
with Q° = 0 g , where ¢9, represents the belief of agent § € {A, B, HQ} on the
B

A

productivity of d’ = {A, B} and, thus, the drift of the cash-flow process, 1 (a) = Q%a.

Lemma 1 The following two problems are equivalent:

min ©f = min g, (26)
OeKd(a) ljdECd
where ¢4 = (¢4, 4%) and
_ ) 5 1
Cs =< ¢|In — +In — < Ksp, (27)
1 |% 1‘ 1|2 1‘
qa a5

for & € {A, B}. Similarly, for HQ minger,, ) 7 is equivalent to mingrneecy,, 7

Lemma 1 implies that the characterization of uncertainty with density generators
in (7) can be interpreted as modeling uncertainty on productivity of both divisions,
as specified in (24). The advantage of focusing on the latter problem is that the
specification for distance of probability measures in (27) allows us to obtain closed

form solutions for optimal contracts. Figure 1 provides a numerical example of the
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core belief set (27).16

We start with the characterization of division managers’ belief assessments. Divi-
sion managers’ assessment of the productivity of both divisions depend on the pair
of incentive contracts offered by HQ. From (24), given incentive contract w (h;) =

{wa (h1)} e a,py» division managers beliefs ¢%(a,w) are obtained as

argmin iy = 54+ b,Q% — gb:ﬁbd —cq(aq), (28)
qd
1 1
s.t. n| ————1]+In - < Kq.
] |aa - 1‘ ][22 - 1‘
qgA 4B

Note that incentive contracts offered by HQ will have 3, > 0, so that division man-

agers will exert strictly positive effort, agz > 0.

Lemma 2 Let 8, a4 > 0 and
H; = Vdadlqdl.
Bataqa

(29)

A division manager’s assessment of the productivity of both divisions, ¢ = {¢¢%, 4%},
ford,d € {A,B}, and d # d', is equal to:

i) 4% =qq, and §% = e "iqy for Hy > e

i) ¢4 = (e‘“de)% qa and ¢4 = (e"“dHid>; qa for Hy € (e7"4, e"4)
i) ¢4 = e "qq and ¢4 = qu for Hy € [—e "d e 4]
iv) 44 = (e~ |Hy|)? g4 and gty = [2 - (eﬂdﬁ) é} qa  for Hy € (—e"d, —e"4)

v) @4 =qq and ¢4 = (2 — e ")qy for Hy < —efd

Division managers beliefs toward a division productivity depend on the relative ex-
posure to the cash-flow from each division, measured by Hy, as affected by incentive
contract wy. Because Hy affects a division manager relative exposure to the uncer-
tainty of the two divisions, we refer to H; as the “uncertainty hedging” ratio. Note

that sign(H,) = sign(vy,) and that H, is an increasing function of ;.

16The core-belief set (27) represents a (tractable) approximation of a corresponding
core-belief set based on Eq. 3.12 in Chen and Epstein (2002), which is displayed,
for illustration, as the dashed line in Figure 1. An important difference from their
specification is that we allow the source-dependent ambiguity aversion to scale in
effort, ay. A similar approximating approach is adopted in Dicks and Fulghieri (2019),
(2021), and Lee and Rivera (2021).
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Several features emerge from Lemma 2. First, when HQ grant pay-for-performance
only, that is v, = 0 = Hy, or a small exposure to the other division cash-flow, as in case
(iii), division managers will assess the prospects of their own division conservatively,
with ¢¢ = e %gy. In this case, division managers will be less confident on their own
division productivity, disincentivizing effort.

Division manager assessments of productivity of their own division, ¢¢ is however
an increasing function of their exposure to the other division, |v,|. Thus, incentive
contracts that offer progressively increasing exposure to the other division, as in case
(ii) and (iv), induce division managers to become more confident on their own division,
¢4. Finally, if incentive contracts offer substantial increase of the exposure to other
division, a large value of |vy,|, as in case (i) and (v), division managers will become
very confident on their own division, setting ¢4 = g4. This beneficial effect on division
manager beliefs can be obtained by either giving a division manager cross-pay, v, > 0,
or with relative-performance compensation, v, < 0.

The impact of |y,| on a division manager’s assessment of the productivity of the
other division depends on the sign of ~,. If the incentive contract includes cross-pay,
v4 > 0, increasing exposure to the other division progressively worsens the assessment
of that other division productivity, as in cases (ii) and (i). If the incentive contract
includes relative performance, v, < 0, increasing exposure to the other division (lower
v4) progressively improves the assessment of its productivity, as in cases (iv) and (v),
where in both cases ¢4 > qo. The more optimistic assessment reflects the fact that,
when v, < 0, better performance in the other division reduces a division manager’s

compensation, which is a concern to the division manager.

3.3 Incentive contracts and effort
We now determine Nash equilibrium of the dynamic effort selection by division man-
agers, given a pair of incentive contracts, w (h1) = {wq (h1)}4e(a py- Given division

managers’ beliefs, characterized in Lemma (2), effort is determined by solving

N N AT o -
max 4(a, qd(a, w)) = 84+ b&Qd(ad, ag) — idebd —cq(aq), (30)

aq

for d € {A, B} and d # d’. We have the following.

Lemma 3 Given a pair of incentive contracts, {wq = (B4,74)}acia,py, there is a

unique Nash equilibrium effort exerted by division managers, {aa,ag}, equal to ag =
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B4ZaG%, where division manager beliefs, ¢, are as in Lemma 2. Equilibrium effort
ag 1S increasing in pay-performance sensitivity, [3,, exposure to the other division,
|74l efficiency of effort, Zq, and decreasing in uncertainty rq. Further, if |Hy| €

(e7"d, e"), aq is also increasing in By, | Y|, and Zy, and decreasing in K.

Lemma 2 and 3 together imply that incentive contracts affect division manager effort
through two distinct channels. The first one is the traditional effect of inducing effort
by rewarding division managers on the basis of direct performance measures. The
second channel is through the impact of incentive contracts on managerial assessment
of the success probability of their projects. Specifically, incentive contracts can be
used by HQ to lead uncertainty-averse division managers to hold more favorable
assessment of the productivity of their own division, with a positive effect on effort.
This is a new channel and the key driver of our paper.

If division managers are uncertainty neutral, their optimal level of effort in (20),
agq, is an increasing function of her own division-based pay, 3,, but is not affected
by either their cross-division pay, v, nor the action of the other division manager,
ag . The only effect of cross-division exposure is to hedge a division manager’s risk
exposure, reducing the cost of incentive provision.

Uncertainty aversion introduces a link across division managers’ effort levels. From
Lemma 2, exposure to the other division, |y,| > 0, makes effort exerted by a division
manager, a4, an increasing function of effort of the other division manager, ay. This
is because greater effort from the other manager decreases the relative exposure of a
division manager to uncertainty on her own division, leading to more favorable beliefs
and greater effort. This new source of (positive) externality is due to the (beneficial)

effect of uncertainty hedging, and is driven solely by beliefs.

4 Uncertainty-Neutral Principal
Consider first the case where HQ are uncertainty neutral and hold beliefs QfQ = qq

for both divisions, while division managers are uncertainty averse. Given Lemma 1,
problem (12) - (14) becomes

max 7= (1—by—bp) Qa—s54—sp (31)

{wa,aa}tae{a,B}

21



subject to the constraint that a prescribed action a4 solves
A T
max min g = s¢ + ,Q%(aq, ag)’ — §bded —¢q(aq), (32)
aq qad

and the participation constraint
N T
min sg + 0,Q% — §bded —cq(aq) >0, (33)
da

for d € {A, B} and d # d'. We consider first the easier case in which division managers

are uncertainty averse but risk-neutral.

Theorem 3 If HQ are risk- and uncertainty-neutral and division managers are un-

certainty averse but risk neutral, optimal incentive contracts have

|Vd|ad'q¢1'

H;l =
‘ d’ 5dadqd

=1,
which induce division managers beliefs (G4, q%) to be equal to

i = e ?q<au (34)
kd

cjg/ = e_%dqd/ < qq forvy >0 and cjfll, = (2 — e_7> qar > Qar > cjj for~v <0

ford,d € {A,B}, and d # d'. Optimal contracts set

1
= <1, and = , 35
Bd 1+3 (1 _ qg/Qd) h/d’ fdﬂd ( )
where ¢, = Cada _ 1 =3 (1~ di/ar) i/ au Zags (36)
! apqer  1—3(1=q4/qa) dyqa Zods

Pay-for-performance sensitivity, B,, and effort, aq, are both decreasing in uncertainty,

kq. If condition (S) holds, equity is optimal, B, =74, and {3 = ¢4 = e 3¢ < q.

If division managers are uncertainty averse but risk neutral, hedging their risk is
not a concern for HQ. The presence of uncertainty, by making division managers
less confident than HQ on the productivity of their own division, has two adverse
effects. First, it has the detrimental effect on the incentives to exert effort by their
managers. This implies that HQ must increase pay-for-performance sensitivity to
elicit any desired level of effort. Second, more conservative beliefs reduce the value
of the incentive contract, wy, as assessed by division managers, relative to the value

assessed by the more confident HQ (the disagreement discount). The combined effect
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is to make it costlier for HQ to induce effort, giving (35). Note that the pay-for-
performance sensitivity, 3,, and thus effort, a4, are both decreasing functions of the
extent of the disagreement between a division manager and HQ, given by ¢%/q.

The role of cross-division exposure, |v,|, is to improve division managers’ beliefs
by hedging their uncertainty. From Lemma 2, an increase of cross-division exposure
(partially) offsets the negative effect of uncertainty on beliefs, with beneficial effect
on effort. Absent risk-aversion considerations, the optimal contract equates a division
manager’s overall exposure to cash-flow uncertainty from both divisions to be the
same, setting their uncertainty hedge ratio |Hy| = 1.

Note that HQ are indifferent between granting compensation with cross-pay, v, >
0, or relative-performance, 7, < 0, as the optimal contracts depends only on the
size of the cross-division exposure, |7y,|. This property reflects the fact that division
managers’ beliefs are only affected by the absolute value of their exposure to the
other division, |y,|, and not by its sign. The extent of cross-division exposure, |v,|, is
still proportional to the pay-for-performance sensitivity parameter, with |v,| = £,84,
where the proportionality factor £, depends on the relative exposure to uncertainty
of the two division managers, affecting the term ¢¢/q, and the relative size of the two
divisions, captured by the term Z,q3/Z4q3. This implies that cross division exposure
is greater for (relatively) less confident division managers and for larger divisions.

If divisions are symmetric, the uncertainty hedge ratio can be set to unity with
pure equity contracts: =~ < 1. Interestingly, in this case, both division managers
hold the same beliefs on their own as well as the other division, ¢4 = ¢4 = e 2gq,
leading to consensus (that is, a “shared view”) in the organization. In addition, HQ
hold (endogenously) more optimistic beliefs than those of division managers for their
own divisions, ¢4 = e_iqu < ¢, making HQ to appear as “visionary” in the organi-
zation. Finally, absent risk aversion, a contract with extreme relative performance,
with v = —f3, is also optimal. In this case, from (34), we have ¢4 < ¢ < ¢4, and
division managers are more confident on the other division that they are on their own,
creating envy and discord in the organization, a potentially undesirable configuration
of internal beliefs.

An important implication of Theorem 3 is that the optimal contract (35) differs

from the corresponding case of risk-neutral division managers with no uncertainty
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of Theorem 2, where division managers become full residual claimants in their own
division, with 8; = 1, and with no role for cross-pay 7,. The reason is that, when
uncertainty is a concern, making division managers full residual claimant exacerbates
pessimism toward their division, depressing effort. In this case, HQ find it optimal
to reduce pay-for-performance sensitivity, 8; < 1, and to hedge division manager
uncertainty by offering exposure to the other division’s uncertainty, setting |v,| > 0.

The presence of risk-aversion affects optimal contracts because hedging uncer-
tainty creates a risk exposure, which is costly for risk-averse division managers. The
optimal contract in this case depends on the relative importance of the risk-hedging
and the uncertainty-hedging motives. For tractability, with risk-averse division man-

agers we focus on the symmetric case under condition (S).

Theorem 4 Let condition (S) hold. There is a threshold k(r, p) (defined in Appen-
diz), with (0, p) = 0, such that for d,d’" € {A, B}, and d # d':

1. If k < R, optimal incentive contracts induce division managers beliefs ¢4 = e "q
and ¢4 = q, by setting
1
8= >0, v=-pb (37)

14 (1= ¢4/q) +ro? (1 — p?) /(Zqq?)
Pay-for-performance sensitivity, 3, and Nash equilibrium effort, a, are both decreasing
in uncertainty, k; the threshold k(r, p) is increasing in both r and |p|.
2. If K > R, optimal incentive contracts induce division managers to hold the same
beliefs as in (34) of Theorem 8 by setting

1
1+3(1—q3/q) +2ra2 (1 — |pl) /(Zqq))

with sign (v) = —sign (p) . When p =0, HQ are indifferent between setting v = 5.

B= >0, |yl=p8 (38)

When division managers face low levels of uncertainty, x < &, uncertainty aversion
does not significantly affect beliefs and, thus, their incentives to exert effort. At
these low levels of uncertainty, the disagreement between division managers and HQ
is relatively small, with ¢¢ = e *q < ¢, corresponding to case (iii) in Lemma 2. The
presence of uncertainty is again to increase the cost of incentive provision, leading
to a decrease of the pay-for-performance sensitivity, 5. The optimal cross-division

exposure, |v|, is still proportional to |p|, and is set to limit a division manager’s
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overall risk exposure, with a corresponding reduction of required risk-premium, as in
the benchmark case. Overall, optimal incentive contracts mirror those in Theorem
2. The main difference is that the presence of uncertainty, by increasing the cost of
incentive provision, reduces both pay-for-performance sensitivity and effort.

When division managers are sufficiently exposed to uncertainty on division pro-
ductivity, x > &, HQ find it optimal to hedge uncertainty and offer incentive contracts
with greater cross-division exposure, |y| = 8 > |p| 5, at the cost of greater risk ex-
posure. The presence of such uncertainty, if left unchallenged, would significantly
depress effort. By granting greater cross-division exposure, HQ limit pessimism held
by division managers, promoting effort. Optimal contracts grant division managers
a sufficient share of the other division to induce them to hold beliefs that are more
closely aligned with those held by HQ, with § = e"2¢ > e "¢ (corresponding to
cases (ii) and (iv) in Lemma 2). To hedge division-manger risk exposure, the sign
of the cross-division exposure, 7, is again the opposite to the sign of the correlation
coefficient, with sign (v) = —sign (p). When the cash-flows of the two divisions are
uncorrelated, cross division exposure does not produce any risk-hedging benefit (but
only uncertainty hedging), and HQ are again indifferent between setting v = £/ (as
in Theorem 3).

Interestingly, the optimal cross-division exposure is set to a greater level, |y| = 3,
than the one absent uncertainty, |y| = |p| in Theorem 2. Deviations from optimal
risk hedging, however, are costly and occur only when the benefits from uncertainty
hedging are sufficiently large, generating a discrete jump in cross-division exposure,
from |y| = |p| B to |y| = B > |p| B. The discontinuity is due to the fact that, with low
uncertainty, £ < g, division managers beliefs are in case (iii). In this situation, small
deviations from optimal risk-sharing have no impact on division managers beliefs,
while negatively affecting their welfare. Deviations from optimal risk hedging are
optimal only when they lead to sufficiently large uncertainty-hedging benefits, due to
improvements of division managers beliefs, leading HQ to set the uncertainty hedging
ratio again at |Hy| = 1.

Optimality of “pure-equity” compensation, |y| = 3, in Theorem 4 is the conse-
quence of division symmetry, leading HQ to grant equal exposure to both two divi-

sions. If divisions are not symmetric, and HQ wishes to implement interior beliefs, as
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in case (ii) and (iv) of Lemma 2, optimal contracts still involve cross-division exposure,
|74| > 0. However, the composition of pay-for-performance sensitivity, 3, and cross-
division exposure, |7y,|, will now depend on the relative size the two divisions (which

affects division managers’ uncertainty exposure) and their relative risk-exposure.

Corollary 1 Let the optimal contract be such that both division managers have in-
terior beliefs, |Hy| € (e7"4,e%), and let aqqq > aqgqa, for d # d'. Then the optimal

contract { 4,74} ae{a,By has
Baaaqq + ro’ 5 = [val agqe +ro’yy, (39)

with |y | > EpBy and vy < £484

If the two divisions are of differing size, and the optimal contract induces beliefs
that are either in case (ii) or case (iv) of Lemma 2, then the optimal contracts equates
the total (expected) cost to HQ of a division manager’s exposure to the two divisions.
This cost is the sum of two components: for their own division, it is the sum of the
(expected) pay-for-performance component, (,a4q4, and of the corresponding risk
premium, 70?32, and for the other division is the sum of cross-pay, |v4| aaqa, and of
the corresponding risk premium, ro?72. In addition, and with respect to the optimal
contract in Theorem 3, the presence of risk aversion has the effect increasing cross-
division exposure for the relatively smaller division, |v4| > B4€s, and to decrease
such exposure for the larger division, |y, < &;6,-

In summary, an important implication of Theorem 4 and Corollary 1 is that
optimal incentive contracts have positive cross exposure, || > 0, even when division
managers are risk averse and division cash-flows are not correlated, a clear contrast
with the “informativeness principle.” This means that the presence of (sufficiently
large) uncertainty leads to incentive contracts that would not otherwise be optimal

under risk aversion alone.

5 Uncertainty-Averse Principal
Different from the case of uncertainty-neutral principal, beliefs held by uncertainty-
averse HQ are not fixed but, rather, are determined endogenously as well. Since the

properties of Lemma 1 applies also to HQ, their beliefs {QEQ, (ng} are determined
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by solving
min  F= Y <¢qu§1 gy — sd) , (40)

LHQ ~HQ
{qA 4B }ECHQ dE{A,B}

where ¢, =1— 5, — v, >0, for d,d’ € {A, B}, d # d', and

. 1 1
Crg=4¢"n | ——5— | +In -5 <KHQ ¢ - (41)
1— |- -1 1—|%&- -1
qA 9B

The following lemma characterizes HQ beliefs for the case in which HQ have positive
residual exposure in either division, 8; + v4 < 1 (which will be the relevant case in

subsequent analysis).

Lemma 4 Let ¢, > 0, d € {A, B} with d # d, and
O = Patads (42)
a G40dqa

Headquarters assessment of both divisions, (Qf{Q, cng), s equal to:

Z) ‘ij = qq and Cng =e "HQqy  for HfQ > eMHQ
1
i) cij = [e’“HQHfQ] ? qd, for HfQ € [e7rHe erHQ]

i) qu = e "HQq,; and cjg,IQ =qg for HfQ < e FHQ

Similar to Lemma 2, HQ beliefs depend on their relative exposure to the two divi-
sions, as measured by the corresponding uncertainty ratio HfQ (note that HfQ =
1/HY?). When HQ have moderate exposure to both divisions, as in case (i) with
HfQ € [e7"HQ eFHQ] they have conservative beliefs toward each division, cjf < qu
and become less confident toward a division when relative exposure to that division
increases. When HQ have a sufficiently large exposure to a division, as in cases (i)
and (i) with H79 > emne or HY? < e~ they will be even less confident toward
that division, Qf @ = e "qq, and correspondingly more confident on the other division,
Qe = qu.

Optimal contracts depend on the extent of uncertainty faced by HQ relative to
division managers. We start again with the simpler case where division managers are
uncertainty averse but risk neutral. Beliefs for division managers are still given in

Lemma 2, and effort in Lemma 3. For expositional simplicity, we focus on the case
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in which division managers are exposed to the same uncertainty: x4 = kg = k.7
Theorem 5 Let both HQ) and division managers be uncertainty averse but risk neu-
tral. If divisions are not too dissimilar, with ny = (Zg/Za)"? qu/qa € (e75H@, ¢r1e)

and the uncertainty faced by HQ is positive but not too large relative to that faced by di-

3

5 optimal incentive contracts have HfQ =H;=n,,

viston managers, kgg < k—21n
and HQ align division managers’ beliefs with theirs

1

n ~d _FTRHQ _ K =

qj = qg =e 2 quQ:e 2qany, and (43)
~H _HHQ 1
¢ = e 2 qm?, (44)

ford,d € {A, B}, and d # d'. Optimal incentive contracts offer pure equity, with

1
Ba="a= ooy < L (45)
L+3(1—q/d4°)

When divisions are not too dissimilar and HQ are not too uncertainty averse relative
to division managers (which ensures that HQ has a positive exposure to both divi-
sions, 1 — B, — 74 > 0, and that their beliefs fall in case (ii) of Lemma 4), optimal
incentive contracts are pure equity, 5,; = v,. Beliefs, pay-for-performance sensitivity
and effort levels mimic those in Theorem 3, with the difference that now HQ beliefs
are endogenous and equal cij rather than g;. Absent risk-aversion, in optimal con-
tracts HQ equate their uncertainty-hedging ratio with respect to each division to the
uncertainty hedging ratio of its division manager by setting HfQ = H,.
Pay-for-performance sensitivity, 3,, cross-pay, 7., and effort level, a;, now de-
pend on the difference between the uncertainty faced by HQ and division managers,
kpg — Kk < 0. In particular, an increase of the uncertainty faced by HQ, for given
uncertainty faced division managers, increases pay-for-performance sensitivity, cross-
pay, and effort. This happens because a smaller difference in uncertainty faced by HQ
and division managers reduces the disagreement discount. A smaller discount lowers
the cost of incentive provisions and induce HQ to offer contracts with larger pay-

for-performance sensitivity, leading to greater effort. Greater pay-for-performance

Tt is possible, although rather messy, to extend the analysis to the case in which
division managers are exposed to different levels of uncertainty, x4 # kg. The optimal
contract in Theorem 5 is still equity, S; = 4, but division managers receive different

equity shares: 8, # Bp.
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sensitivity, however, increases a division manager’s exposure to uncertainty, which
is offset by a corresponding increase of cross-pay. Beliefs held by HQ and division
managers are aligned in the sense that they both hold the same assessment on the
relative productivity of both divisions, G5'“/G4% = §2/%.

Optimal contracts with risk-averse division managers are characterized in the fol-

lowing theorems. For tractability, we focus on the symmetric case, condition (S).

Theorem 6 Let condition (S) hold. There are thresholds (i, k") (defined in the
Appendiz) such that for d,d € {A, B} and d # d':

1. if Kk < Kk and kpg < 19 optimal incentive contracts induce beliefs for division

managers and HQ equal to ¢4 = e "q < §% = q and qu =50 q < q by setting
1 _
6: Ad Ad ) ry:_(p_p)67 (46)
1+200-79) (o = 1) + (1 - ) + it
q dq Zq, “dg

where p = q/\gl <qf\g, _ q’\(]i;{Q> % — 6_:0(_1222 <]_ — e I;Q> > O-
HQ

2. If Kk > Kk or kpg > K" and p < 0 optimal incentive contracts induce beliefs for
division managers and HQ equal to §3 = ¢% = e 2q and (ng = e_KHTQq by setting
1

143 (1- a/af'@) + Zafts

B=y=p=

(47)

When both HQ and division managers are uncertainty averse, and division managers
are risk averse, optimal incentive contracts depend on the extent of their exposure
to uncertainty and on the correlation between divisional cash-flows. When overall
exposure to uncertainty is sufficiently low, Case 1, optimal contracts mirror again
those absent uncertainty of Theorem 2. The effect of uncertainty is again to reduce
pay-for-performance sensitivity, 3.

Interestingly, relative-performance compensation, v < 0, is now optimal only if
correlation is sufficiently large, p > p > 0 (note that p = 0 when kg = 0). The reason
is that HQ uncertainty aversion increases the disagreement discount, raising the cost of
hedging division manager risk with relative performance compensation. This happens
because relative-performance compensation for division manager d generates a “short”
exposure to the other division, d’, while HQ still have a “long” position in that

division. From Lemma 4, when HQ are uncertainty averse and hold a long position
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in d’, they are more pessimistic than the reference probability, (ng < q. In contrast,
from Lemma 2, division managers are more confident on the other division d’ than the
reference probability, ¢% > ¢q. The combined effect is that HQ and division managers
now hold more divergent views on the productivity of that division, increasing the
disagreement discount and, thus, the cost of hedging risk exposure.

The implication is that relative-performance compensation is optimal only when
the risk-hedging benefits are sufficiently large, that is, when p > p. The threshold p is
a decreasing function of a division’s risk, and of division managers’ risk aversion, and
is an increasing function of division size (which increases HQ exposure to a division’s
uncertainty, exacerbating the disagreement discount). If division cash-flows are mod-
erately positively correlated, 0 < p < p, optimal contracts have an equity component,
~v > 0, different from the benchmark case. Finally, HQ and division managers are

pessimistic on both divisions, and their assessment of division productivity depends

KHQ
5% 2 K.

on their relative degree of uncertainty, with ¢¢ = cij as

When uncertainty faced by either HQ or division managers is sufficiently large,
Case 2, optimal incentive contracts depend on the sign of the correlation coefficient
between division cash-flows. When division cash-flows are negatively correlated, p <
0, optimal contracts are pure equity again, with 3, = 7,. Furthermore, in this case,
division managers have the same beliefs on the productivity of both divisions, with
Gl = q% = e 2q, for d,d € {A,B} and d # d', and again ¢¢ = QfQ as Kpyg 2 K.
If kg = k, HQ and division managers share the same vision in the firm, reaching
consensus in the organization.

The case of large uncertainty for either HQ or division managers and positive

correlation of division cash-flow is examined in the following theorems.

Theorem 7 Let condition (S) holds. There is a i¥° and & € (e7%,1) (both defined

Q, and

in the Appendiz), with é = 1 when kg = 0, such that, if kK > K, kpg < /%f
p > 0, optimal incentive contracts for d,d € {A, B}, and d # d' induce beliefs equal
L1 "
to ¢4 = e 2¢%q and 4% > q, and qf;’Q = e_%Qq < q, by setting
1

qg/ ~ qj 2ro2 (lfpé)
L+ Ao — 1) E+21 — ) + — o

q dy g

al Zq, 744

g = ; y=-86<0, (49

where £ is increasing in v, o, Kk, and decreasing in Z, q, KuQ-
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Optimal incentive contracts with positively correlated cash-flows depend critically on
the degree of uncertainty affecting HQ. When division cash-flows are positively cor-
related and HQ are exposed to low levels of uncertainty, kpg < /%{{Q, while division
managers are exposed to large uncertainty, x > &, optimal contracts have a relative-
performance component, with v < 0. Cross-division exposure is again proportional to
pay-for-performance sensitivity by a factor é' , which depends on the level of division
managers’ risk aversion and their exposure to uncertainty, relative to the uncertainty
faced by HQ. Greater managerial risk aversion and cash-flow risk increase the im-
portance of hedging division manager’s risk, leading to more cross-division exposure
(bigger f ). Similarly, greater uncertainty aversion by division managers increases
the importance of uncertainty hedging, leading again to more cross-division expo-
sure. In contrast, greater uncertainty aversion by HQ and exposure to a division
uncertainty (larger values of Z and ¢), by exacerbating the disagreement discount,
increase the cost of both risk- and uncertainty-hedging. The effect is to reduce op-
timal cross-division exposure, worsening division managers’ confidence in their own
division: ¢ = e_%ééq (where £ < 1).

When uncertainty faced by HQ is sufficiently large, it becomes optimal to grant

a division manager positive exposure to the other division, leading to the following.

Theorem 8 Let condition (S) holds. There is a kY (defined in the Appendiz) such
that, for kg > /%fQ optimal incentive contracts for d,d € {A,B}, and d # d,
induce beliefs for division managers equal to ¢4 = ¢% = e~2q and for HQ equal to

qulQ _ efHTQq < q by setting f =~y = B

When HQ are exposed to sufficiently large uncertainty, kgg > /%f Q, optimal incentive
contracts are again pure equity with g = ~, with no relative-performance compensa-
tion even when division cash-flows are positively correlated. The reason is that large
uncertainty exacerbates disagreement on relative-performance compensation and re-
sults into a more significant cost of hedging division-manager risk. In this situation,
hedging risk can conflict with hedging uncertainty. With sufficiently large uncertainty,
the uncertainty-hedging motive overcomes the risk-hedging motive, and HQ forego
altogether the risk-hedging benefits of relative-performance. Rather, they offer pure-
equity contracts that better aligns division managers beliefs with theirs, lowering the

cost of incentive provision and promoting effort. This case is an important reversal
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of the predictions of the standard optimal contracting problem with no uncertainty
of Theorem 2.
Finally, note that equity compensation when HQ are uncertainty averse is optimal

even in the case of heterogenous divisions.

Corollary 2 Let the optimal contract be such that HQ granting positive exposure to
both divisions, B4, v, > 0, and both division managers, as well as HQ have beliefs as
in case (i) of Lemma (2) and (4), with Hy € (e7",e") and H'C € (e r1e, emna).
Then the optimal contract {34, Vq}ticia By has

~H ~H
ﬁdadqd @ + 7’0'26121 = 'Ydad’qde + 7”0-2’73' (49)

In addition, ¢dadeQ = ¢d,ad,q§‘9, and HQ) optimally grants both divisions equity

compensation: ;= 4.

Similar to Corollary (1), the optimal contract with interior beliefs for both HQ
and division managers equates the total (expected) cost to HQ of a division manager’s
exposure to both division, giving (49). Different from Corollary 1, however, ¢7¢ is
now endogenous. From Lemma 4, when HQ has interior beliefs, HQ equate expected
exposure to each division, qbdad(}fQ = qbd,ad/cng, which implies that 3, = ;. Corol-
lary 2 shows that, when HQ are uncertainty averse, optimality of equity compensation

is the outcome of HQ desire to align division managers beliefs with theirs.

6 Uncertainty and Beliefs in Organizations

We develop a novel theory of belief formation in organizations based on uncertainty
aversion. We argue that the presence of uncertainty, and the aversion to it, can
generate belief heterogeneity even in cases where agents share the same set of “core
beliefs.” Belief heterogeneity emerges endogenously as the consequence of agents’
differential exposure to the sources of uncertainty in the organization.

Individual exposure to uncertainty can be determined first by the position occu-
pied by an agent in the organization. Top executives are exposed to all the uncertainty
factors that affect a firm, either directly, or through the relevant economic environ-
ment surrounding their firm. In contrast, division managers are disproportionally

exposed to uncertainty factors affecting their own division. Exposure to division

32



uncertainty may derive, for example, from the impact of firm performance on divi-
sion managers’ human capital, affecting career opportunities within the firm or their
outside options. We refer to this exposure to uncertainty as hierarchical exposure,
because it depends on an agent’s position in the hierarchy of the organization.

The second form of exposure depends on the contractual arrangements in the
organization. Division managers make choices in the context of a web of contracts
and rules (organizational protocols) that govern firms. We refer to this exposure
to uncertainty as contractual exposure, because it depends on all the (implicit or
explicit) contractual arrangements that surround agents.

Hierarchical exposure and contractual exposure together concur to the determina-
tion of the belief structure in an organization. The structure of beliefs that emerges in
equilibrium is endogenous and depends on both its hierarchical configuration and the
contractual relationships that bind agents together. An implication of our paper is
that internal beliefs can be managed by both organization design and contract design.
In this paper, we focus on the latter. We argue that, by proper design of incentive
contracts, HQ can affect beliefs within the organization and induce a more favorable
belief system, promoting efficiency.

We show that disagreement emerges as an equilibrium outcome that determines
the belief structure in an organization. For example, in our model managers in the
upper levels of the hierarchy can (endogenously) be more confident about their firm’s
future performance than lower-level employees. This implies that rank-and-file man-
agers perceive members of the top management team of a firm (such as CEOs and
CFOs) as overconfident and unrealistically confident.

We also argue that the extent of internal disagreement depends on the level of
uncertainty that characterize different layers in the organization. When the upper
levels in the hierarchy are relatively less concerned about uncertainty than lower-
levels, uncertainty concerns deeper down in the hierarchy can generate significant
disagreement in the organization. HQ can respond by designing contracts with greater
cross-division exposure, through either a more significant equity-based compensation
(when division cash-flows are positively correlated) or enhanced relative-performance
provisions (with negatively correlated cash-flows).

Our model provides a theoretical foundation of the links between compensation
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structure and beliefs systems in organizations.'® The effect of equity-based compen-
sation is to realign internal beliefs, promoting a shared view and internal consensus.
In contrast, relative-performance compensation has two divergent effects on internal
beliefs. First, it improves and realigns a division managers’ beliefs on their division
with those of HQ, with beneficial effect on effort provision. The disadvantage of
relative-performance compensation is that it may lead division managers to be more
confident on the other divisions in the firm, relative to theirs, creating envy and dis-
cord. Such discord may interfere with overall management and performance of the
organization, for example by affecting the internal allocation of resources.

Finally, a large exposure to uncertainty by top levels in the organization increases
the cost of relative-performance compensation. In this situation, HQ may prefer to
forego the risk-hedging benefits of relative-performance and, rather, offer cheaper
equity-based contracts. Such equity-based contracts provide uncertainty-hedging and

promote effort, with the additional benefit of fostering consensus.

7 Conclusions and Future Research

We examine the impact of uncertainty aversion on the design of optimal incentive
contracts in an organization. We studied the problem faced by a multidivisional firm,
for simplicity with two divisions, where agents may be uncertainty averse. Divisional
managers exert unobservable effort that affects the productivity of their division,
creating moral hazard. The contracting problem is complicated by the fact that
division managers are uncertainty averse, making them unduly conservative in the
eyes of their HQ. Such disagreement is endogenous, and is the outcome of the risk-
exposure created in the incentive contracts to promote effort.

We showed that the structure of optimal incentive depends on the level of un-
certainty that affects firms. For firms with low uncertainty, incentive contracts still
exhibit pay-for-performance compensation when division cash-flows are negatively
correlated, and relative-performance compensation when division cash-flows are pos-
itively correlated, but less than the no-uncertainty case. For firms characterized by
high levels of uncertainty, optimal incentive contracts are more likely to have cross-pay

compensation or straight-equity.

8Links between pay and sentiment is shown in several papers, such as Bergman
and Jenter (2007), Heaton (2002), and Oyer and Schaefer (2005), among others.
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Our paper can explain how young firms surrounded by greater uncertainty offer
equity compensation to their employees, with little scope for relative-performance
measures. As they mature, resolving much of the earlier uncertainty, firms then
switch to compensation with more pronounced relative-performance features. Our
paper can also explain the common use of aggregate measures of performance, such
as bonuses geared to the overall performance of an organization. Such reward schemes
play a role similar to the equity-based compensation we examine in our paper.

The analysis in our paper can be extended in several ways. First, it would be
interesting to examine moral multi-tasking situations, as discussed in Holmstrom and
Milgrom (1991). Our paper suggests an important aspect of uncertainty hedging
and its impact on task assignment and optimal compensation. An additional avenue
of research is to determine the impact of uncertainty on organization design. For
example, it is plausible to expect that organizations in highly uncertain environments
have a relatively flat structure, to promote uncertainty hedging. Our paper is also
essentially a partial equilibrium model. An interesting question is to examine the
impact of labor market forces in a process where heterogenous agents are matched
with heterogenous firms. We leave these important questions for future research.
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Case i Case v

Case iii

Figure 1: Core of Beliefs

The figure displays the core-belief set, Equation (27), and the 5 cases of Lemma
1 for d = A under parameter values g4 = gg = 100 and kK4 = In(5). In Case
(i), Ha > e"4, and the division manager holds the reference beliefs toward her own
division, g4 = g4, and extreme pessimism toward the other division, g << ¢g.
In Case (ii), Hq € (e "4, e"4), leads to moderate pessimism toward both divisions,
Ga < qa, d € {A,B}. In Case (iii), H4 € (—e "4,¢"4), leads to extreme pessimism
toward her own division, ¢4 << g4, and to reference beliefs toward the other division,
g = qp. In Case (iv), Hy € (—e"4, —e "4), leads to moderate pessimism toward
her division, g4 < g4, and to optimism toward the other division, §g > ¢g. In Case
(v), Ha < —e"4, leads again to hold the reference beliefs toward her own division,
Gda = qa, and to be very confident toward the other division, g >> ¢p. The dotted
line represents the core of beliefs from Equation (3.12) of Chen and Epstein (2002),

with (¢4 — qa)> + (48 — q)* < ka.
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Technical Appendix for
“Uncertainty, Contracting, and Beliefs in Organizations”
by David L. Dicks and Paolo Fulghieri

Proof of Theorem 2. Linearity follows from Theorem 1, by setting K4 = Kp =
Kpg = {0}; thus compensation contract to division manager d is wy = sq + 5,Ya1 +

vaYa 1. Substituting for ¢ and ¥ in (13), division manager d selects a4 to solve

2
ro
max ug = sq + Badata + vadaaw — —- (B3 + 2pBava +73) — calaq) -

Because uy4 is strictly concave, the incentive constraint is fully characterized by the
first-order condition and the unique maximizer is ag = 3,;24q4. Because of translation

invariance of u,4, (14) always binds at an optimum, giving

2
ro
%= T <6‘21 + 2p/8d7d + ’7121) +Ca (ad) - ﬁdead — Yq4d'Qqr -

Substituting for s, into HQ objective, (12), we obtain

2

A ro

T = E lead 5 (5?1 + 208474 +73) —cal(aa) |,
de{A,B}

Substituting for ay = ;7494 in 7 and differentiating we obtain that

1

D= Tt (1= )] (Zadl

5 and v, = —pPy.

Second order conditions are satisfied by concavity of (12). m

Proof of Lemma 1. Consider deviations 6 € K;(a), where K;(a) is defined in
(21). By Girsanov’s Theorem, deviation 6 sets drift © = Qa — I'f, where I' is defined
in (2) and D, N are defined in (22). Thus, p, = gaas — D04 — N0 = Gaas where
ga—Ga = £ (DO + NOp). Similarly, pj; = Gpap, where gp —gp = ;= (N0 + DOp).
Thus, |DOs + NOg| = aa|Ga — qa| and |[NO4 + DOg| = ap|js — qp|. Substituting in
(21), we obtain that § € Ks (a) if and only if ¢° € Cj, giving (27). m

Proof of Lemma 2. Division managers determine (¢4, ¢4 ) in (28). We will focus
on two cases: we start with the case where 7, > 0, and then we consider the case
Y4 < 0. Consider @ = q4 + 4, for § > 0. Switching to (jfll’ = qq — 0 lowers 1y by

283,040 while leaving the constraint unchanged. Therefore, it must be that ¢4 < gq.



Similarly, switching from ¢4 = s+, for § > 0 to §% = qa — & lowers @iq by 27y a9,
leaving the constraint unchanged. Therefore, it must also be that ¢% < gu». Thus, we

can express the Lagrangian as

= —lq— Mg — k) — 74 (4§ — qa) — T (43 — o)

where ¢g. = In g—iﬁ +In g%’. Because problem (28) admits corner solutions, we charac-
d d’

terize its solution by use of the full Kuhn-Tucker conditions:

oL Diy . D A
- = — == —)\ — —Td:—ﬁad+7—7d20,
0qd o4t~ oqd T g
('3£ aﬁzd 8gc

= —A—A—Td/:—'}/ad"i‘A__Td’:O?
0q, — dq% " 0d g

)\(gc_/‘id)‘f‘Td(ng_Qd)‘f‘Td/ ((jjx—qd/) =0,
A > 0’ Td'ZO’ TdZO’ "{d_gc>07 Qd_quoa Qd’_qull’ZO-

Note first that, from the definition of g., to satisfy the constraint kg — g. > 0 it must
a d = 0. Note also that S,ay > 0
implies that A > 0, and thus that g. — k4 = 0. In addltlon, it cannot be that both

be ¢¢ > 0 and gy > 0, which implies that g—qﬁ =
d

74 > 0 and 74 > 0 because, if so, then ¢4 = ¢4 and ¢% = g4, which would imply that
g. = 0 < kg, which contradicts A > 0. This leaves us with three types of solutions:

Ta=Ty =0,74>0=1g, ande:O<Td/.

If 7g = 74 = 0, then W = % = 0 together imply that A = B,a44% and
d/
A = yya0qh, giving Bya4q% = vysa0qh. Because g = kg implies that ¢4¢% =

e "quqq, after substitution this implies that daj, (qg)2 = e "quqe, or equivalently,
1

Bdade Hd
this to be feasible, however, it must be that ¢¢ < gg, or equivalently, Hy < "¢, and

qd = le "”"de] 4, where H; = 249492 Gimilarly, ¢4 = [e‘“di} ? qs. In order for

4% < qu, or equivalently, H; > e, giving case (ii). If 74 > 0 = 74, then ¢4 = ¢4
and, from gc = Kq, also (jfil, = e "gu. Note that ;ﬁ = 0 implies that A\ = y ape "iqy

and, from 2% aq = 0, we have that
d

Yqaqre "qq

Td — _ﬁdad —+
qd

= ﬁdad (Hdeind — 1) > 0,

which requires H; > €4, giving case (i). Finally, if ;=0 < 74, then ¢4 = gy and,

from g. = kg, also ¢4 = e "¢q;. Note that now a d = 0 implies that A = S, a.e7"qq,



and, from aaT% = 0, we have that
d/

aqge "
Ta = —VqQa + W = YqQq (Hdileiﬂd — 1) >0,
d/
which requires 0 < H; < e "¢, giving part of case (iii).
The case with v, < 0 proceeds in a similar way, giving cases (iv), (v) and the
remainder of case (iii), and is omitted. Note that in the case of interior beliefs, case

(iv), for Hy € (—e", —e ") we have
~d — i ~d — —1 3
q; = [6 rd |HdH 2 qq, and gy = <2 — [e | Hy| }2> Gar-
Finally, in case (v) we have ¢4 = ¢z and ¢4 = (2 — e "d)qy for Hy < —€"¢. m
Proof of Lemma 3. The lemma is shown in two steps. First, we obtain divi-
sion managers’ best response functions, aq = Z383,44¢, as function of their beliefs, as
in Lemma 2. Second, because ¢¢ is positive, continuous, and increasing in az, we
characterize the Nash equilibrium in terms of log (a4) and we apply the contraction
mapping theorem, proving uniqueness.
Division manager d € {A, B} chooses effort level a4 to solve (30) by setting
d Oty Oig 043 ug 9% Oy
dad 8ad 8qu 8ad ﬁcjfil, 8ad 8ad

tq(a, qj(a, w)) = =0,

where the second equality holds by the envelope theorem, as follows. For cases (ii)

i Oug _ 99 Qug _ 3y 99 sivi
and (iv) of Lemma 2, we have that oil = A2 and bt = Age, giving

0ty 04, Oita i (ag 04 , 0g aqg,) _d9

04t dag ' 04% 0ag " \9Gg0aq | 04y Oaq)  dag

Rd

Ad
because g = e . In cases (i)-(iii)-(v), ¢4 and ¢% do not depend on a4, and g%; =

%%y _ . wivin dbg _ g _ g ad _ 44 _
8ad - ’g g d(ld - 8ad o dqd Zd -

Thus, the best response functions are ag = Z48,42, where beliefs ¢¢ are from
Lemma 2. If v, = 0, we have that H; = 0, giving ay = ZyB,e "qq. If v, # 0,

the best response depends on the effort by the other division manager, ag. If the
2 ,—2Kk4,2
other division manager, d' # d, exerts low effort ag < al, = W, we have that

|Hy| < e " and division manager d holds pessimistic belief as in case (iii) of Lemma

2, 44 = e"iq,, giving ag = al* = Zyf,e " qq. If division manager d’ exerts moderate

ZgB3erdq? ... . .
level of effort, af, < ay < aff = %, division manager d hold beliefs as in case
dl4d



(ii) of Lemma 2, if 7, > 0, and as in case (iv), if 7, < 0; thus |H,| € [e7"¢, e"] and
ag = [Z3 |4l ad/ﬁde_“dqd/qd]%. Finally, if division manager d’' exerts a high level of
effort, ay > afl, division manager d hold beliefs as in case (i) of Lemma 2, if v, > 0,
and as in case (v), if vy, < 0; thus |Hy| > € and ag = Z4f494- The best response
function for DM d is therefore given by

a}l* = Zdﬂde*”dqd aq < adL,

ag(aa) = aj(aa) = (23 |74l aaBae™ " qar qa]

2% — H

W=

ajgadrgag.

A Nash equilibrium is a pair {a4,ap} such that ag = a}(as), d € {A, B}, d # d.
Note that a} (aq) is a positive, continuous, and increasing function of a,. Expressing

the best response in logs, we obtain

In 7,46, "qq Inay < Inal
1
Inay(Inag) = In[Z2 v, Bee " qaqa)® + %ln (ag) Inah <lnay <Ilnafl .
In Zdﬁdqd Inag > In aé{
dlna’ .1 dlna,
Further, note dli;j = 0 for ag < a} and ay > aff, while dlssj = i foral <ag <al}.

Define F : R? — R? so that F' = (Ina* (Inap),Ina} (Inay))’, and let d (z,y) be the
Euclidean distance. For z,y € R? define #Z; = max {Inaf, min {z4,Ina}} and

Ja = max {Ina%, min {y4,Ina? } }, we have

d(F(z),F(y) = \/(hﬂaiz (2p) —Inay (ys))* + (Inaj (va) — naj (ya))’

— J(nay (#5) — na (7)) + (nafy (24) — na (7))

| L b R L BSUR
- \/ S| + |5 @a—in] = a0 < Jae),
which implies that 0 < d (F (z),F (y)) < 3d(z,y) for all z,y € R?. Thus, F is a
contraction mapping and the Nash Equilibrium exists and is unique.

Because the best-response function is constant if d’ exerts low effort, ag < a%, and
if d' exerts high effort, ay > a’, the Nash Equilibrium is fully determined. All that
remains to be determined is the Nash Equilibrium effort for d when ag, <ag < af;,’ .

There are three possible cases:



(1) If ag = alf > ak, so that |Hy| < e ™", then

Wl

ag = ay (ay) = [Z3Zae” ") |y, | By Batyaa * ;

(2) If ag = a?F < afl, so that |Hy| > e, then

W=

aqg = ay (ad’) [ZdZd'e "yl Bd’ﬂde’Qd]

(3) if aly < ag < a%, so that |Hy| € (e ", e"), then setting ay = @ (ag) and

ag = @}y (aq), after solving we obtain

ol

3 1
aq = Gg = [efﬁchzlﬁd "Yd” ; [eﬂid' ZiBa h/d’” qaga’]? - (A1)

Comparative statics follow by direct differentiation. m

Proof of Theorem 3. Because (33) binds and » = 0, HQ payoff 7 is now equal to

2
T = Z <qdad - ﬁda/d (qcl - qu) — Yala’ (qd, _ (jg/) . 2CL_de> ’

d,d'€{A,B},
d'#d

where a4 are the Nash-equilibrium effort levels of Lemma 3. The proof is in two steps.
First, we show that 7 is symmetric in 7, around zero; in the second step, we find the
optimal contract under the restriction that v, > 0.

Note that, from Lemma 2, ¢¢ depends on 7, only through its absolute value, |7,|.
Thus, from Lemma 3, equilibrium action ag = ;2443 also depends on |v,| only. This
implies the first term of the disagreement discount, ;a4 (qd — dg), depends only on
|74]- We next show that, if v, < 0, the second term of the disagreement discount,
v qQar (qdf — qg,) is unchanged by offering cross pay, |7,|, rather than relative perfor-
mance evaluation, v, < 0. From Lemma 2, let qdf“ be the belief held by the DM when
receiving |7, instead of v, < 0. We will show vaa (o — 4%) = |74l aa (¢ — 43").
Consider in turn cases (iii), (iv) and (v) in Lemma 2.

First, in case (v) we have that H; < —e® and ¢4 = (2 — e™"4) qg. This implies
that replacing v, with |vy,| gives that |H,| > e and beliefs will be as in case (i).

Thus, setting cjjf“ = e Mgy we obtain

Val @ (qo — @5F) = [valaa (1 =€) g = vgaa (7" = 1) qo = vqaa (g0 — %) -



In case (iii), we have that |Hy| < e "¢. This implies that ¢4" = ¢4 = qu, so

1Val aa (Qd' - CflgfL) = YqQq ((]d’ — cjg,) = 0.
1

In case (iv), Hy € (—e", —e ") and ¢4 = (2 - [e*“d M} 2) qar, giving

[valag aq
—Kd 5 % —Kd B %
d e dade:| € " 340444
Yata (da — qg) = Va0d | |7 | —1)aa=|valaa 1—{—] qa-
a { #) =" ([ Val @ar g ) & ( Val g
This implies that relglacing g With |7y,|, beliefs will be as in case (ii). Thus, setting
qu,Jr = [e’”d%] ’ qo we obtain

Val @ (g — 45F) = vaaa (g0 — %) -

Therefore, 7(v,) = 7(|7,4|) and 7 is symmetric in 7, around zero.
Because HQ is indifferent between |v,| and ~,, it is sufficient to consider v, > 0. If

Va > e“d%ff’, division manager beliefs are in case (i) of Lemma 2, with ¢¢ = ¢; and
d’'4d

G4 = e fiqy, giving aq = B424q4. Thus, 3872 = —agqy (1 —e ") < 0, and setting
Ya > e“d% is not optimal. Similarly, if v, < e*”d%, division manager beliefs

are in case (iii) of Lemma 2, with ¢4 = e "dq, and ¢% = qu, giving aqg = B,Z4e " 1qq.
In addition, ¢% = gz and ¢¢ = e "dq, together imply that 8‘9—2 = 0 and it is weakly

: —kq Baadqd el : —kq Bd®dqd kg Bq0ddd
optimal to set vy, > e P This implies that HQ set e~ " e <y < e oy

and induce beliefs that are in case (ii) of 2, with Hy € [e™"4, e"4].

Because the participation constraint binds, HQ objective function becomes

F=(1—bs—bp) Qaq+ (Gialda,d*) — sa) + (in(ag,4®) — sp).

=2
N - A . ~ . A~ - A, ~ A a
where (a4, ¢4) = mingicca Uq, with g = sq+ B4aaqs + v aar s — =0 and where

g is the Nash equilibrium given by (A1) in the proof of Lemma 3. This implies that

dm Gdd aad/
— = —q4a 1—=B4—v4) Qa=— + (1 — By — v
a3, ada + (1 — By 7d)qd65d+( Ba —Va) 4a 98,
dia(ia, §* (g, wa)) | dig(aa,§* (aa, war))
+ + .
dBg By
Because g—g‘j = aqq4, % = v,4%, and %é—;; = %, by applying the envelope theorem



on 14(ag, ¢%), we obtain that

dﬁd(dd, cjd(dd, wd)) . (%d 8’&51 8@0{/

= + = = Gaql + 7445 A2
df, 0By = Oaw0p, T 86d 42
Similarly, because % =0, %Z‘Z’ = vd,qd , and 8“‘1 = g’;%‘;, by applying the envelope
theorem on iy (g, G%), we obtain that
d’lld/(ad/, (jd/ (dd/, wd/)) B a’&d/ aﬁd/ 8Ezd . Ad’ 3ad A3
d - a av a /Yd/ d 8 * ( )
Bq By aq 9By 5d
Together, (A2) and (A3) give that
L = —aq (Qd — dg) + (1 =84=7a) ng; + (1= Ba — V) @ a (A4)
dBg 804 804
CLd/ ~d! 3CLd
+7405 =5 + Vard

Consider now v,. We have that

dm . Oayg Oy
= —quaqy + (1= B4 —va) Qda + (1 =By —74) qar .
Va

dvq a
+ dﬁ’d<dd7 qu(é’dy wd)) + dud’ (CLdl, qu, (ddla wd’))
dvg dvq
Because gA = awq%, aa L = = v,4%, and aad' = ST"Z;, by applying the envelope theorem

on dig(ag, ¢%), we obtain that

dig(aq, 4" (ag, wa)) g | Dig Dag g
= + — = Ay % + 7,49 —— A5
d’yd 8’7d aad/ a’yd d did 8 d ( )
Similarly, because %ﬂT‘Z’ =0, 887“;‘2' = v,47, and g;fyz = g%‘;, by applying the envelope

theorem on 7y (dg, %), we obtain that

dﬁ/d/,édld/,w/ Ol g Oty 04 A/SCVL
@ (Gg (4q d)): d Vd d:,yd,qg_d' (A6)
dvq M4 Dag O, 84
Together, (A5) and (A6) give that
dm ~d 3v Cld/
— - —Qy r ' 1 — - ' b 1 — / ) A7
i, agq (Qd Qd) +(1=84—7a) ng’Yd + (1= By —7a) qa & (A7)
" ~d! 3ad
+7dqu'8 o T Vaordd 5 3y,



Thus, from (A4) and (A7) we obtain the first-order conditions:

dm Ay dm Ay

. ~d - ~d
=04 (qa—qy) + 7 =0; ——=—aa (qo — o) + — =0,
dB, ( d) Ba dvg ( d) Ya
here Ay = (1 — B, — 7)) a2 + (1 — By — 7y) qar L + 7445 + 7,47 224 givin
where Qg d— Ya)ddg &~ Ya)dd 5 T Vada 8 Yardq —g > SIVING
Bata (g0 — 43) = Vabda (g0 — 43 - (A8)

Because, from Lemma 2, 8,d4G% = v,GaG%, we have that (A8) implies that 8,d4qs =
Yadaqe and thus that Hy; = 1, leading to ¢4 = ¢4 = e_%dqd and ag = e_%dﬁdqud.
Substituting the values of v, and a4 into HQ objective, we obtain

)\ 2
BaZa (4)

= E BaZaqady — 2832444 (94 — G3) — 5 ;
d,d' e{A,B},
d'4d

Differentiating, we obtain

dm R R . ) 2
5, = Z4qady — 4B4Zad5 (a2 — 45) — BaZa (43)” =0,
d
giving
1
Bq = - :
T 1+3(1 - d4/4a)
Finally, setting H; = 1 gives
aqqq aqqq

Vg = = By = &40, where ;= - .
I aq qar I a I aq qar
Substituting for the values of a, and a4, given the expression for beliefs in Lemma 2,

we obtain y
_1-3 (1= G4 /aa) 44/aa Zaq3
1-3(1—43/q) 459a Zads

4=

- d
If HQ implement the symmetric contract, with v, = —;dgj &>
d! d!

we obtain that ¢4 =

<2 — e_%d> qa- Thus |v,| = €,0,. If divisions are symmetric, and condition (S) holds,

¢, = 1. Comparative statics follow by direct differentiation. m

Proof of Theorem 4. Because the participation constraint (33) binds, HQ payoff,



7, now is equal to

. . a’ ro? (B3 + 284740 + 7
E (1= By — Vo) qaaa + Baaad] + va0a @y — =% — ( d)
27, 9
d,d'c{A,B}
d'+4d

where {aa,ap} are the Nash equilibrium effort levels of Lemma 3.

Different from the case of Theorem 3, because of the presence of the last term,
HQ objective function 7 admits multiple strict local maxima. The proof therefore
proceeds in two steps. First, we consider candidate optimal contracts that induce
division managers to hold one of four possible configurations of beliefs (implied by
Lemma 2). Specifically, we consider contracts as follows. Case (A): a small exposure
to the other division leading to |H4| < e™"4, corresponding to case (iii) of Lemma
2; Case (B): a moderate positive exposure to the other division, leading to Hy €
(e~*d efd), corresponding to case (ii) of Lemma 2; Case (C): a moderate negative
exposure to the other division, leading to Hy € (—e"4, —e™ "), corresponding to case
(iv) of Lemma 2; Case (D): a large (negative or positive) exposure to the other
division, leading to |Hy| > €" corresponding to cases (i) and (v) of Lemma 2. Second,
we compare payoffs to HQ from optimal contracts in these regions and we determine
the globally optimal contract.

Case (A): If |Hy| < e™*4, have §¢ = e "dq, and ¢4 = qg, which do not depend on
vq- Similarly, by Lemma 3, ag = (5,24 "4qq, which does not depend on v, as well.

Therefore, setting

on 9
_— = — = O
a’yd ro (pﬁd + Fyd)
gives v, = —pf,; and v, is set to hedge risk with no effect on incentives. Substituting

in 7 and differentiating we obtain

Bk ) .
O (128 Zaadf + 5 ) 0?8 (1~ )
d

Therefore
1

1+ (1—¢3/q) +ro? (1 - p2) /(Zqdd)

After substitution, this gives HQ payoff under condition (S)

Ba

1 e " Z¢%)’
2—e") e " Z@P+ro2(1—p?)

>
Il



Case (B): If H; € (e7",e"), we can express the payoff to HQ as
= (]— - bA - bB) Qa + (UA(CLA7 qA(a/th)) - SA) + (’&B(aB7 éB(aBa U}B)) - SB) )

where tq(aq, ¢*(aq, wq)) = Mmingacca g, with
2

) . . . ro? a
ta(aa, §*(aa, wa)) = Baaadl + vgaady — 5 (33 + 208474 + W?z) - Q—de =0,

and where @, is the Nash equilibrium given by (A1). Because 1, is strictly concave and
the minimum operator is concave, iig(agq, ¢%(aq, wq)) is strictly concave. Therefore, &
is strictly concave as well. Thus, first-order conditions of optimality are sufficient for

a local optimum. Similar to the proof of Theorem 3, we have

dr Diig Dy
I - - a 1 - - ! ! e
dﬂd Qdad+ ( /Bd /yd) aﬂd ( /Bd ’Yd) qd 8/8d
diig(@a, §*(aa, wa)) | ditg (@a, §* (aa, wa))
+ + .
dBg dBg
In this region, from (A1), we have g% = ;’% and 8%’ = gg' Because gg‘; = 7,444

and 8ud = aqq? — ro* (B, + pv4), by applying the envelope theorem on dig(dgq, G%):

dia(aa, ¢*(aq, wq . q Qar
( ( ) = aafi —0* (B + pva) + Vall oo (A9)
dﬁd 85(1
Similarly, because %Bd, =0 and a“d' = 4%, from (A9) and (A3) we obtain
- = —q 1 - - ' - ' I A]_O
48, Qq (Qd Qd) + ( Bq %l) d85d + (1= Ba — V4) Ga 8ﬁd ( )
' ?)Cld
—r + 07a) + Y4y o + Vel =
o® (B + pva) + Vadt 5 5 86d Vwdi g5
Consider now 7,. We have that
dm 8ad aELd/
_— g — /v / ’ 1 - 1 !
vy qarda + (1= Bq — Wd)Qda e + ( Ba —V4) qa 97,
+d@d(ad,q (g, wq)) . ditg (ig, §% (G, war))
dvg dvg
Because g—ﬁj = da 45, ga—id, = 744%, and aad/ = S?Td;’ by applying the envelope theorem
on ig(aq, ¢%), we obtain that
diig(ig, §%(aq, w . g Qa
( ( ) = agy — 10" (a+ pBa) + Vall 7 (A11)

dvg 8%1

10



Similarly, because 2% = (, 2% — Y44, and 8‘” — 364 from (A1l) and (A6) we

g ’ dag 874
obtain
T = (= @) + (0= P ) G+ (L= By = 1) aw e (A12)
v, = d \da' — qgr d— Va QdS’Yd @~ Ya)dd g 87,
/Sad
—ra? (74 + pBa) +’Yde/8 + Y005 —— 8y,
Va Va
Thus, from (A10) and (A12), we obtain the first-order conditions
dm - ~d 2 Ad
o = —a(qa—4dz) —ro” (Batpra) + 5 =0,
dﬁd d( d d) ( d d) ﬁd
dm ~d Ad
— = —a¢ (qo — 4 o (v4+ pBg) + — =0,
dvq ( d) I ) Ya

where Ay = (1 — 85— Va) @222 + (1 — By — 74) Qd' s qung 4,44 2%, giving

Bata (4 — @3) + 10 (B3 + pvaBa) = Vet (a0 — 43) +ro® (Ya+ pBava) -

By Lemma 2, we have that 3,443 = v,4a4¢%, which implies that

Badaqa +70%B3 = Vataqa + 107

We will guess and verify that, due to the symmetry condition (S), it is optimal to
implement symmetric effort, a4 = ay = @, and that ¢4 = ¢, kg = Kk, and Z; = Z.
Define f (x) = zaq + ro®z?. Note f'(z) = aq + 2ro?x > 0 for z > 0, so that f is
monotonic over positive numbers and f (v,) = f(8,) if and only if v, = 3,. Thus,
@@ =qh =e2qand ag =e 27 63 63,(]. In order to optimally implement the same
effort, it must be that 3; = By, so & = e 2Z3q. Thus, we obtain the first-order

condition

dm N R R 7 Z6 de 2

o = =284 (a - 47) + (1= 284) qdi5 —r0”Ba (1 +p) + = (@) _

dfy 2 2
Therefore

1
1+3(1—q4/q) +2ro? (1 = |p]) /(Zqq3)
After substitution, this gives HQ payoff
o 22€—mq4

m = K K .
Ze 3q? (4—3e72) 4 2ro2(1+ p)

Ba

Because (3, is the same for both divisions, this verifies that a is symmetric. Because

11



HQ objective 7 is strictly concave on this region, there is only one solution on this
region, which implies that the symmetric solution is the unique solution.

Case (C): Consider H; € (—e®, —e ") with §; > 0 > ~,. Following the same
process as in case (B) above, we have

dn 5 Ody Ol
- - 1= By — 7)) Gaad 4 (1= By — ) qu
qatq + (1 = By — 7o) qdaﬁd + (1 =By —Va) a8,

B,
+d7fbd(dd7 q*(aq, wq)) n divg (aa, §* (dar, war))
dBg By
Because in this region ggd = gg‘; and ‘Z&Tj; = g‘%;, from (A9) and (A3) we obtain that
= (= @) + (= Ba— 1) g + (1= f = 1) do o (A13)
- = —q(qa— - 1) da —Ba — @
dp, ! ¢ 1RE, ¢V,
’ 3ad
- ! ! d
ra? (Ba+ pva) + Vel 5o 85d tYada g7 88,

Consider now 7,. We have that

dm 8ad add/
— = —qgag y 1-08, — ’
qaraa + (1 — B4 — ’Yd)Qda e + ( By —Va) o,

dvq
diig(aq, ¢*(ag, wa)) n dig (dq, ¢ (da, wa))
dvg dvg
a ag Odg [, i .
Because g Z = gvj’ 872 = ﬁ and a < = ~.4%, by applying the envelope theorem on

tig (Ga, "), we obtain that

dad(dd, qu(a’dv wd)) ~ N ad/
7 = agy — 10" (g + pBa) + 43— (A14)
Ya 8
o iy o Ohy gl dig _ 3a :
Similarly, because 8—;; =0, aT'f; = v2q5 , and a_yj = ﬁ, by applying the envelope

theorem on 7y (dg, %), we obtain that

dﬁ/d/,ddld/,w/ A/3CVL
#la, & (G, wr)) = Y04 2. (A15)
dyg 874
Together (A14) and (A15) give that
dn 3dq

. ~d
= —ay r— () + (1 — — Y
d (Qd Qd) ( Bq PYd)ng,Yd e
N dd/ N /3(Ld
—r0* (Ya+ pBa) + di—g +Vadi g =
Ya

dvyg

12



Thus, from (A13) and (A16), we obtain the first-order conditions

— = —q(qa—qy) —ro” (By+ +— =0,
a8, d(d d) (d P’Vd) 3,
dn . ~d 2 Ad
—— = —Gg (o —qg) =70 (Ya+pBs) + — =0,
i o (g — 4) (Va a) -

agr

where Ay = (1 — 85— v4) 442 + (1 = By — 74) qd,% + 723" + yd,dg'%, giving
Bala (Qd - ng) +ro? (5?1 + P’Ydﬁd) = Yala (C]d' - qﬁ) +ro? ('73 + Pﬁd'yd) . (AL7)

1
Again, in this region, ¢ = [e~"4 |Hd|]% qa, and ¢4 = (2 — [e"‘“d |Hd|_1] 2) qa, where
H,y = 24%0%  Thyg

Baadqaq

JaZi A

. . 5 g _1 . _ 1
Yald (Qd’ - CIfilf) = Yala qa (6 > [Hy|™2 — 1) = —Ygtaqe —e 2 (Bgaaqa |vql 6arqa)? .

Similarly,

[N

. LRy 3
Batads = e 2 (Byaaqa|Val Gaqa)

Therefore, after substitution, we obtain that (A17) becomes
Bataqq +ro’B5 = |74l darqe + ro*y3.

We guess again that HQ optimally implement the same effort from both divisions,
dq = ag, which implies that f (|v4]) = f (8,), where again f (x) = zaq + ro?z?. This
implies that |y, = (4, or equivalently, that v, = —f,, so that H; = —1. Thus,
44 = e 2q, and qh = (2 — e’g) q. To be consistent with this guess, it must be that
By = By, so that a4y = ag = e 2Z3,q. Substituting in # and differentiating we
obtain
dm ~d ~d 2 1 a1 ad) 2
3, = —7ZB444 (94— q3) —ro°B(1+p) + B (1 —28,) Zqgq + 55012 (d7)

1
1+3(1 = 343/q) + 2ro® (1 = p) /(Zqqg)

After substitution, this gives HQ payoff

Ba

ZQe—Hq4
Ze3q? (4—3e72) + 2102 (1 —p)’

w

>
Il

which verifies the guess that HQ optimally implements symmetric effort. Comparing

72 and 73, observe that they differ only for the final term in the denominator. Thus,

13



> A2 >
=7 as p= 0, and

Z2€—mq4
Ze 2¢*(4—3e72) +2ro (1 — |p|)’

A2 ~3
max{w , T }:

Case (D): If v, > "3, we have that ¢¢ = g and ¢% = e "qa, so
5—;; = —agqa (1 —e™%) —r0® (pBy+74) <0,
and setting y, > €*3, is not optimal. Similarly, if vy, < —e"f3,, we have that ¢} = g4
and ¢4 = (2 —e ") q
on

5 = aade (1= €) +10° (|7 = pBa) > 0
Yd

and setting v, < —e*(, is not optimal. Thus, under symmetry, |H;| < e".

The second and final step is to compare max {7?2, 7?3} and 7', Let
F0) =2 (1= 5)? Zg +r0® (1= |ol) [e" (1 + |pl) — 2],
so that max {#%,#*} > #' if and only if f > 0. Note f (0) = —ro? (1 — |p|)? < 0,
fr)y=2(1-e2)e2Z¢ +ro%" (1—p*) >0

and lim,_., f (k) = 400, which implies there is a unique & such that max {7?2, 7?3} >
#' if and only if K > &. Thus, for & < & the optimal contract is in Case (A), with
B, = By and v, = —pf3,, leading to (37), and for k > K the optimal contract is in
Case (B) for p < 0, with 8, = 5 and |vy,| = B, or in Case (C) for p > 0, with
B, = B3 and |y, = 34, leading to (38).

Finally, note that the first term of f, 2 (1 — 6_%)2 Zq?, is strictly positive. Because
f (k) = 0, it must be that ra? (1 — |p|) [e" (1 + |p|) — 2] < 0. This implies that % =
a2 (L—1p])[e"(1+pl)—2] <O iian a neighborhood of %. By the implicit function

theorem, we obtain that i—’f = —% > 0, and & is increasing in r. Finally, for p # 0,

define k, = —In (|p|) and note that

2, 9 2(1_‘PD2
f(l{p)=2<1—\/m> Zq +TUT>O

which implies that £ < rx,. m

Proof of Corollary 1. In the proof of Theorem 4, we showed that 3,aq4q4+ 10> 53 =
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Val @arqar +ra*y3. Define f(By, [74l) = Baaaga+ro® 55— val awga — roy3, and note
that in an optimal contract, f = 0. Note also that f (5, 54) = B4 (¢aqa — aarqa) > 0

and that ) s
f (Bd,w@ Y (1 _ C;dqg) <.

aq qar Qg

ThllS, f (5(17 h/d’) =0 1mphes h/dl € (ﬁcb 2ddd Bd) for ;ngj, > 17 and |7d| € ( i deﬁdv)

agrqg agrqg
for 2dd 1 m
agrqqr

Proof of Lemma 4. Proof is isomorphic to proof for Lemma 2 and is omitted. m

Proof of Theorem 5. We guess and verify that headquarters have positive exposure
to both divisions, ¢, = 1 — 3, — v, > 0, and that beliefs are as in case (ii) of Lemma
4, HfQ € (e7rHe Q). Because (33) binds and r = 0, HQ payoff 7 is equal to

> [ade — (1= B4=a) aq (Qd — c}fQ> — Baaa (g0 — 45) — veaa (qa — éﬁf)} :

d,d'c{A,B}
d£d’

where ¢¢ = (¢4,q%) are division manager beliefs from Lemma 2, a4 are the Nash
equilibrium effort levels from Lemma 3, and ¢7% = (QfQ, cng) are HQ beliefs from
Lemma 4. The proof is in two steps and is similar to the proof of Theorem 3. First,
we show that v, < 0 is suboptimal; then we find the optimal contract for v, > 0.
Similar to Theorem 3, switching from ~, to |7,| does not affect ¢%, and thus does
not affect ay and S a4 (qd — dg,). Letting again cjjf“ be the belief held by a division
manager when receiving |v,| instead of v, < 0, we have that vsa0 (¢0 — @4) =

1Val @ (qor — @57) for all v, < 0. This implies that
(1= Ba = ) as (a0 = %) < (1= By =) aw (a0 — 4°)

for v, < 0 because (ng < qu, and thus that setting v, < 0 is dominated by offering
its absolute value, |v,| .

Because HQ strictly prefers offering |y, > 0 to all v, < 0, it is sufficient to consider
vq > 0. If HQ sets v, > e“d%, division manager beliefs are in case (i) of Lemma 2,

with ¢4 = g4 and ¢4 = e "qu, giving aqg = 8,Z4q4. Thus, 3‘9—@ = —ag ((ng — qﬁ) <0

because G5 ¢ € (e7"12qy, q4) and ryqg < K, so setting v, > e"digf—gjf is not optimal.
Similarly, if 0 < 7, < e*”d%, division managers beliefs are in case (iii) of Lemma
2, with ¢¢ = e g, and ¢% = qu, giving ag = [,Z4¢ "qs. In addition, g_vf; =
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(Qj, - QgQ) > 0 because G4 € (e7"#9qy, q4), s0 setting vy, < e " Bad“;q‘i is not
optimal. This implies that HQ set e =" 'i da;‘q/d <y, <efid i da;qd and induce beliefs that
are in case (i) of Lemma 2, with Hy € (e™", ).

Similar to the proof of Theorem 3, we can express HQ’s objective as
= Gaiady? + dpindy” + (ialaa, 4" (aa, wa)) = sa) + (@n(an, §”(ap, ws)) — s5) ,

_ DY N, R A <~ -
where ¢, =1 — 85— V4, a(da, ¢*) = MiNgiccd Ug, With g = s+ 84304405 + V400G —

2aZ3 = 0, and @, is the Nash equilibrium of division managers given by (A1) in the

proof of Lemma 3. Consider first

dn ~HQ < 8QHQ 6 JHQ 8&d LHQ 8ad/
= = —qg ‘G4 + Q40 + Qg lar— + + Qaly  mn
A R R R T
+dﬂd(@d, q*(aa, wa)) i digy (aa, 4" (aa, war))
B, B,
~HQ
Because ¢7? solves (40), from the envelope theorem ¢4 865 +Ou 55— 8 = 0, which,
together with (A2) and (A3) from the proof of Theorem 3, gives
dm . LHQ Ad) ~HQ 90d 3a aq a ~d S(Id
- = — - r{ g1 ’ / . A18
dﬁd Qg (Qd dq + ¢d 85 + (bd qd 86 + deQd Sﬁd + Yalda 54 86d ( )

Consider now 7,. Applying again the envelope theorem on 7 (ch Q), we obtain

dm AHQ 8ad ~HQ 8ad/
-0 = —({ "+ + 1 {
i~ qd ad Pady a e Py o,
diig(da, §*(aa, wa)) | diig (da, §* (da, wa))
+ + .
dyg dyq
Substituting (A5) and (A6) from the proof of Theorem 3 gives
dm . ~HQ ~d ) ~HQ 90d 3ad dd/ d! 3ad
- = ’ , — , / , / ’ . A]_g
dvy ad (Qd Qg ) + Pady 8’y + barq Qd 87 -~ + Yad 5 87, +Yada g 87, (A19)
Thus, from (A18) and (A19) we obtain the first-order conditions
dn 5 (A o a4\, Aa dn . [ AHQ Ay
— = q ) =0, _:_ad’<Q/ q/)+—=0,
dBg ! 5d dy g I ‘ Va
where Ay = ¢gdy % + Gardy & + 7add & +r0d] 5, giving
Bada (@' = d8) = vaar (a5° — i) (A20)
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Because, from Lemma 2, 3,343 = 7,a44q%, we have that (A20) implies ﬁddd(ifQ =

'ydéd/qgQ. Because HfQ € (e rfHQ efHQ) from Lemma 4, gbdadde = gbd,ad/(ng

/AHQ

Thus, (Zd;ﬁ’}Q = 5—;1 = ‘f_dd Define mg such that §; = ma¢,, so v, = mapy, which
ddq /

implies ¢, = 1 — B4 —v¢ = m, and thus 8; = v4, = ﬁ Substitut-

ing in v, = f, into @ from Lemma 3, we have a, = (Z?’Zd/) e 2(6d6d,) (qdqd/) .
Substituting into HQ objective, we obtain

7= (ZaZp)? QAQB(ﬂAﬁB>% { s (1—pB4—Bp)+ ge_ﬁ(ﬁA + 53)} .

Differentiating, we obtain the first-order condition

d 1 rH K
d; (ZaZp)? QdCId'(ﬁd Ba)? [ - (1-3B84—Bg)e 2+ 26_'{(350; + 5d’):| =0,
d
giving

6%(“_HHQ) +3 (% — 62(“ ”HQ)> By + (§ — e2<'"i "“HQ)) Ba =0.

Because this holds for both divisions, after solving we obtain
1 1

Ba=PBp= -
AT B g k(e 14 3(1— ¢%/q79)

7d7

giving (45). Note 3 < 2 becaulse ko < k—2In3 and H, 19—y, € (erme, enne),
(Z Zd’) e 2(qdqd/)1

4—set(rre=r)
cHQ

ez Qd77d Similarly, (43) and (44) follow by direct substitution. m

K 1 HQ
, and thus that ¢4 = e 2¢m2 and ¢; * =

This implies that a; =

Proof of Theorems 6-8. Because the participation constraint (33) binds, we can

express HQ’s payoff as
= paaad? + dpapin® + (talaa, (s, wa)) — sa) + (ip(ap, ¢®(ap,wp)) — sp)

where ¢y =1 — B, — 74 and Gq(aq, ¢*(aq, wq)) = mingicca g, with
2

N N N N TO'2 a
Ga(aq, ¢*(aq, wq)) = sa + Baaads + Yaaady — 5 (53 +2pByv4 + 7?1) - 2—de =0,

where ¢¢ is from Lemma 2, a, is from Lemma 3, and ¢"¢ is from Lemma 4. Different
from Theorem 5, and similar to Theorem 4, because of division manager risk aversion,

HQ objective function 7 admits again multiple strict local maxima. The proof pro-
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ceeds again in two steps. First, we consider candidate optimal contracts that induce
division managers to hold one of four possible configurations of beliefs (implied by
Lemma 2) in the same four cases examined in the proof of Theorem 4, Cases (A) to
(D). Second, we compare payoffs to HQ from optimal contracts in these regions and
we determine the globally optimal contract. Note that optimal contracts falling in
Case (A) and Case (B) correspond to Theorem 6, Case (C) corresponds to Theorem
7. Finally, the comparison of payoffs from Case (B) and Case (C) gives Theorem 8.
Case (A): If |Hy| < e "4, have ¢4 = e "dq,; and ¢4 = g4, which do not depend on
vq4- Similarly, by Lemma 3, ay = S;24e "¢qq, which implies that both a4 and as do

not depend on v,. Therefore,

dm LHQ 0 GHQ 0 A(Ii;/l ~HQ 3ad ~HQ aad/
_— = ’ CL ' a ’ ) — + g
v —0y d+€bdala7 + g a 8d + 44, oy Pardy By
+d@d(ad> ¢*(aq, wq)) n dig (ag,q" (ag, wa))
dvg dvg 7
where, by the envelope theorem on 7, we have gbdad —i—gbd,ad/ aqd’ = 0. In addition,
a da Uq(aq,q(aq,w I ~
on this region, g—f = 87‘1 = 0, which implies that %ﬁdd» = 88—%1 = ag Q% —
diiyr (ag,g? (ad/,wd/)) 8ud/
o® (pBy+ v4) and Ty o = 0. Thus,
on .
o = ag <Qd' - Q5Q> —ro’ (PB4 +7a) -
My
. c . ~HQ ~HQ _"HQ
Because HQ has long exposure to the symmetric divisions, ¢; ¥ = qd, = 2 q.
Thus, £ = ( if and only if v = —Mf3, where M = p—p and p = WQ (qd/ — qd, ) =
e_:aZ2q2 (1 — e*NHTQ>. Following a similar approach, we obtain
. 4. R R ~d) 2
dﬁ d HQZ (1—28,) — MB, (Qd' - qgQ) qu + 842 (93) - Tazﬁd (1—pM).
d

Note 1 —pM = 1—p?>+ppand 1 —2pM + M? = 1 —p?> + p?, so 1 — pM =
1 —2pM + M?*+p(p—p). Also, ra*Byp(p—p) = Z (CId/ - 4§Q> 43 (p —p). Thus,
we obtain the first-order condition
dm
b,

2

= @44°Z (1-28,) + ByZ (43)

—oMB, (qd/ _ qf;@) 47 —ro®B, (1—2pM + M?) =0,
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which implies

1

Ba=
o [ g ro2(1—p+7%)
1+2(p—p) | Az —1 +( —qH—Q>+Tw

qq d qu qq
giving (46). After substitution, this gives HQ payoff
ef(nHQ+2/<) Z2q4

<2M +2(1—-M) e — e*”) e *Zq>+ro? (1 —2pM + MQ).

4

7

Case (B): If Hy € (e7",€"), as in the proof of Theorem 5, applying the envelope

theorem on 7 (ch Q), we have

di HQ 1@ 044 1Q Oda
= a1 =By = )y 5n (L= Be =) 4" 54
dﬁd d d ( d d) d 8ﬂd ( d d) d aﬁd
diig(da, §*(da, wa))  ditg (da, §* (G, wa))
+ + .
df B,

Because in this region %Z = g’;%‘; and 88%' = g’%;, from (A9) and (A3), we have
di <AHQ o HQ 304 HQ Oa
—= = —aa(q —q>+1—/5’—%q w7 T =Bs =) 4e -
d, d \4d d ( d ) 4y 83, ( d a) da 843,

—ra® (Bg + pya) + vad dar + 0] —3dd- (A21)
804 8064

Consider now 7,. Applying again the envelope theorem on 7 (QH Q), we have

d'ﬁ' ~HQ 8dd ~HQ 8dd/
Lo gpie + (1= By —7a) @O+ (1= By — 1)
i~ qarta + (1= B4 —Va) 4y 9, (1= Ba = 74) 4 o,
+dﬁd(ad, ¢*(ag, wa)) n divg (aar, 4% (aar, war))
dvg dyq
Because in this region g%z = g’%‘: and 86‘1‘2’ = g <&, from (A11) and (A6), we have that
dr d Q304 ~HQ O
— = —qQy 1 — 1 1 — — 1 - 1 — r /A
i, Qg (Qd Qd) + (1= B4 =) 4y 8, (1= By —4)dy &,
o Qg o 30g
—r0” (74 + pBa) + %1(13/8_% + Yl 87, (A22)
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Thus, from (A21) and (A22) we obtain the first-order conditions

dm (AHQ Ad) 2 Ag
—7 = —aa(qy * —dq) —ro” (Ba+ +—=—=0
B, d \ 94 d (Ba =+ PVa) 3,
dm (AHQ Ad> AV
—— = —ag {4y —dy) —ro (pba+va) + — =0,
dv, d’ \ 4q d ( d d) v

where Ay = 6,45 “ 2 + Gy P + 7405 L + VoG] 2at, giving

Baad (@fQ — @g> +ro? (53 + P%jﬁd) = Yala (éﬁQ — (jg,) +ro? (P’Vdﬁd + ’73)

From Lemma 2, we have (3,044 = v,00q%. Also, because ¢, > 0 and HQ has beliefs

as in case (ii) of Lemma 4, with ¢,a445% = ¢gpaada”, we have

®q
Baaadi® + 10?83 = vy~ Laqadi? + ro®2. (A23)

Dg
We now show that ¢, = ¢5. Suppose to the contrary that ¢, > ¢5. Because (A23)
holds for both divisions, 8, > 7,4 but 85 < 7. This would imply, however, that
Py =1—B4—v5 <1—PBg—74 = @p, which is a contradiction. Similarly, ¢, < ¢

would also imply a contradiction. Thus, ¢, = ¢5. Further, this implies

(0ads'® +70% (Ba+74)) (Ba = 7a) = 0. (A24)

Since the first term is strictly positive, 5; = v,. Further, because the divisions are
symmetric, the first-order conditions are symmetric, which implies the existence of a
symmetric solution, 5, = 5. Because the problem is strictly concave on this region,

this must be the unique solution. Thus, ay = aB = e 37Zfq. Also, (jf = quQ =

e’w;@q and ¢4 = ¢4 =e 3¢, 50 Ay = (1—-28)e” q% + fe 5 qe225 Zﬁq . which

gives the first-order condition

dm 1 _ . o 3 N2
- = —ququ—Qﬂqu fQ—l——Zﬂ (qfll) —r025(1+p) =0.
g, 2 2
and thus
1 R
CHE - =0,
L3 (1 ai/af®) + 2t

giving (47). After substitution, this gives HQ payoff
22q4€_("iHQ+H)

(g tr)

THEE  3e- ) 202 (14 p)

5

T

Zq? (46

20



Theorem 5 showed that v, > 0 is optimal when » = 0. Similarly, 7, > 0 when
p = 0. Further, for p < 0, granting v, < 0 results in a larger risk premium,
%2 (8% +2pB4+72), than setting v, > 0. Thus, Case (B) dominates Case (C) for all
p < 0. To conclude the proof of Theorem 6, note that #° > 7% if and only if g, > 0,

where
x (v Q+r)
g = (2M F2(1—M)e = +2 " —de 3 > e Zq?
+ro® (1 —2pM + M? —2¢7" (14 p)) .
and note that gr|c—rx;o—0 = —ro? (1 +p)2 < 0, which implies that #* > #° for
k = kpo = 0. Note also that 9% = 2 (1 — e_WTQ> e " Zq* + 2ro® (M — p) = 0,
because M = p— p and p = ¢ :UZQq (1 —e*NHTQ>, and thus that 88% = —gr +

(rgQ+r)
2 (e‘ o e‘”) e " Zq? +ro* (1 —2pM + M?) > 0 for all g;, < 0. This implies
that, for a given Ky, there is a unique & so that g;, (&, kpg) = 0, and for all K > &,

it is g7, > 0 and thus 7#° > 7.

Consider now kpg. Note first that 89L =(2e5—(1-M))e" = e " Zqg >0
for k < ¥ = —2In3 (1 - M). Substltutmg /-@’ in g7, we obtain
1+ M)?(1— M) 1- M)?
gL|H,E( + >8( )Zq2+ra2(1—2pM+M2—%(1+p)>>0,

where the inequality is obtained by noting that h (p) = 1—2pM + M? — (A=M)" M) (1+p)

is linear in p for any given M, thus achieving its minimum at an endpomt. Because
h(l) = %(1—]\/[)2 > 0 and h(—1) = (1+ M)> > 0, we have that h(p) > 0 for
all p € [-1,1], and thus that g;|.—« > 0. This implies that in the neighborhood of
gr, = 0, kK < k/, and thus that ;{LHLQ > 0. Thus, there is a unique ¢ (allowing for
the possibility that ~pg = 0) such that 72 > 7! for k > R, proving Theorem 6.

Case (C): Consider Hy € (—e", —e™") with 8; > 0 > v,. This case gives Theorem
7. As in Case (B),

~HQ ag

dm ) o 04
e o2 (1—551' Vd)C]d' 85
d

d_ﬁd = —qy “ag+ (1= By—v4)dy aﬂd

diig(aa, ¢ (ag, wa)) . dig (G, §% (da, wa))
dfBy dfBy '
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Because ggd = % and % = g’%;, from (A9) and (A3) we have that

dm H R o 3aq A Qg
ag, ~ T (qu—q§> + (1= 84— vd/)qugﬂ (1_6d’_7d>Q5Qg
d d
Al 3ad
10 (By + pa) + Valh o + 0 ot (A25)
d d adagg T Nadd gy
Consider now v,. We have that
dm ~HQ Y4d 8ad ~HQ 8ad/
— = —q, Qg 1-— / 1 =8y /
vy qd Yag + (1= B4—a) 4 ad (L= Ba —7a)dy 9,
ditg(aa, §*(ag, wa)) n dig (aar, §* (aa, war))
dvg dvg
Because gid = ;’%Z, %‘1‘2’ = é%, from (A14) and (A6) we obtain
dn .. . Q304
d—% = —ag (qgQ - qffx) + (1= B4 —7a) Qf 87 (A26)
d
1 30q
1 - ! AI—/IQ_ - ! /Ad -
+ (1= Ba —7a) 8, ra® (Yq + pBa) + Qd 8 "+ Y 8,
From (A25) and (A26) we obtain the first-order conditions
dm N Ad) 5 Ay
o _ _ —d_
i3, aq <qd 4z ) —ro” (Bat pra) + 3, ;
7 o Ay
=~ (359 = d4) = ot (va+ pB) + = =0,
v, d d ? (V4 a) o

where Ag = (1= B4 — 7a) 47 “22 + (1 = By — 7a) Gy “ & +7a03 &+ 7007 %2, giving

Bata (QfQ - dg> +ro? (ﬁczz + P’Ydﬁd) = YqQa (dﬁQ - qg/) +ro’ (’YZ + pﬁd’)’d) .

Because the first-order conditions are symmetric, there exists a symmetric solution:

Bs =P = pand y4 = 75 = . Thus, ag = a = e‘gZﬁ% ]7|%q. This also
1

implies that ¢, = ¢p, so (ij = e_HTQq. Also, H; = %, so ¢4 = e_%%q and

@G =2-e 582 -)g. Thus, Bag? = e~ 532 |7|2aqand

Nt
A A K:H
va <Q5Q - QZf) = qae™ "3 q — 2yaq — ¢ 552 7|2 ag,
which implies that

Bae_KHTQq +ro?B% = |yl (2 - G_WTQ> aq + ro’y? (A27)
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Because 3 € (—e", —e™"), there exists € € (e7", ") such that v = —&3. Substituting

AL ~
ina =e 27ZB%q, (A27) is equivalent to f (§> = 0, where

f (é) = [(2;1;@ — 1) £ — 1] e’mTQe’gééZq2 +ro? (52 - 1) =0. (A28)

Note f(e7™) <0 < f(1) =2 [emTQ - 1] e_%Zq2 and f' > 0, s0 £ € (e7",1)
for kgg > 0, but £ =1if krg = 0. Comparative statics on ¢ follow because
mcwt:'{ﬂ 0f ﬂ} <0< min{af 0 _of } Further, 2% = 0 if and only if

or’ 902 9k 877 9q’ drEqg » 9P
1 R
b= - — 7=-E8<0,
1+ 9qr -1 §+2<1_ﬁ)+w
e e 2§49 ¢4

giving (48). After substitution in 7, we have

6 e*(NHQ+I€)é'ZQq4
—

KHQ

2e 5% (14 (2678 1) 8] e 88 2¢2 — 37 + 70 (1 - 206 + &)

Note 7% > #* if and only if gg > 0, where

= (2 ) 2 g )

—Qe_ngQ [1 + (2;}17@ — 1) 5] e_%éiiZcf —ro? = )
with
d g . - AP
% — o (1 — PP+ (p— M)Q) +{6—HTQ6—§ [1 + <26HTQ — 1) §] £ 2 —2e "} 242
K

p A1 Al .
Note that [1 + (26% — 1) 5] ¢ ? is increasing and larger than 2 for £ € (e, 1),

K A~ K K/A_l
SO 88“";5 > 0. Also, 853@ =—(1-M)e 5 Zq* + (1 — f) e—HTQe—fg 2Zq¢?. Because
M < e < &, we have that 85—5@ < 0. Defining %, #1'9 so that gg (%,%{{Q) =0,
Theorem 7 is proven.

Case (D): If v, > e f3,, 3;;3 =0, so 2% =0, and thus 68_2 = —ay <(§5Q _ cﬁ) _

0 V4
ro?(pf+7) < 0, so v < ef. Similarly, if v, < —e®j3,, g;;j = %‘;”Z = 0, so
i ~H . H .
42— —ag (qde - qu) — 0% (pB4+74) - Because ¢ > 0 > 7, 4y < qo < @3-

Also, p € (—1,1). Thus, jTﬁd > 0 for 7, < —e"[3,, so it must be that v, > —e .
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Therefore, Case (D) is suboptimal.
All that remains to be shown is Theorem 8, by showing that #° > #°® when KHQ
is large enough. Note #° > 7% if and only if gy > 0, where

Jg = 2e~ "5 [1 + (QeﬁHTQ — 1> é} e 3¢ 2Zq* +ro’ (1 —2p€ —1—52) /€

_(rHQ*R)

—de” 2 Zg* —2ro* (1+p). (A29)

Note 85;? = @ = (. Note that

d9E
8/@1@

A\ ALl (K +r)
= {— (1-¢)¢& +2} et Z¢8 >0

if and only if é’ > 3 — 2v/2. Recall é is strictly decreasing in rp¢g. This implies that
gr an inverse U-shaped function of kp¢g and that there is a unique /<o'HQ, defined by
é(m}{Q) — 3 —2v/2, such that ;;;HZ > 0 for kg < Kpg and ;;;HEQ <0 foi KHQ > /<;'HQ.
Next, we will show that gp > 0 for all kyg > IﬁlHQ and, thus, for all £ < 3 — 2/2.
Note that, from (A28), we can express (A29) as

Jg = de~ 3% % (E; — 1> Zq* + @ + 2ro? E —2p — 1} .

The first term is positive because é < 1, the second term is zero, and the third term
is positive for all % > 3, which is satisfied for é <3-2V2< % This implies that
9e(kng) > 0 for all kyg > /{HQ. Thus, if g5 (0) > 0, gg > 0 for all kKyg > 0,
and thus define #5'% = 0; otherwise, if g5 (0) < 0, there is a unique 42'¢ such that

ge(R9) = 0, with #29 < /@}IQ, completing the proof of Theorem 8. m

Proof of Corollary 2. Follows directly from equation (A24). m
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